Ch.6 Integration Techniques

Integration Techniques

Questions
Q1.

x

I =J sin” 2x dx
0

n-1

(a) Prove thatforn=2

n
(b) Hence determine the exact value of

J 64sin° x cos® x dx
{

(Total for question = 7 marks)

Q2.

Scm

Figure 1

Figure 1 shows the vertical cross section of a child's spinning top. The point A is
vertically above the point B and the height of the spinning top is 5 cm.

The line CD is perpendicular to AB such that CD is the maximum width of the spinning top.
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The spinning top is modelled as the solid of revolution created when part of the curve

with polar equation

r2 = 25 cos 26

is rotated through 217 radians about the initial line.

(a) Show that, according to the model, the surface area of the spinning top is

k(2 — \2)em?

where k is a constant to be determined.

5\2

cm

(b) Show that, according to the model, the length CDis 2

Q3.

(@) Prove that, forn =2

(b) Hence show that

(Total for question = 13 marks)

I = Jcosec"x‘dx‘ nez

n—2 cosec"2xcotx

n—1

7 56
J cosec’xdx = —),\/_’:
135

X

(Total for question = 8 marks)
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Q4.

N

O «—30cm—»

» Initial line

Figure 1 Figure 2
Figure 1 shows a sketch of a design for a road speed bump of width 2.35 metres. The
speed bump has a uniform cross-section with vertical ends and its length is 30 cm. A side
profile of the speed bump is shown in Figure 2.
The curve C shown in Figure 2 is modelled by the polar equation

r=30(1-6% 0<6<1

The units for r are centimetres and the initial line lies along the road surface, which is
assumed to be horizontal.

Once the speed bump has been fixed to the road, the visible surfaces of the speed bump
are to be painted.

Determine, in cm?, the area that is to be painted, according to the model.

(Total for question = 10 marks)
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Q5.
I = J. *sin” xdx, n=0

(@) Prove that, forn=2,

nl =(m-1)I ,

(b)

VA

=V

0

Figure 2

A designer is asked to produce a poster to completely cover the curved surface area of a
solid cylinder which has diameter 1m and height 0.7 m.

He uses a large sheet of paper with height 0.7 m and width of 7 m.

Figure 2 shows the first stage of the design, where the poster is divided into two sections by
acurve.

The curve is given by the equation
y = sin? (4x) —sin'® (4x)
relative to axes taken along the bottom and left hand edge of the paper.

The region of the poster below the curve is shaded and the region above the curve remains
unshaded, as shown in Figure 2.

Find the exact area of the poster which is shaded.

(Total for question = 9 marks)
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Q6.

The curve C has equation

ct + 1
y = ln[ L_‘ 1 ] In2<x<In3

(@) Show that

dy 2e”

e -1

(b) Find the length of the curve C, giving your answer in the form In a, where a is a rational
number.

(Total for question = 10 marks)

Q7.

n

rin2
[, =| cosh"xdx. n=0
JO

(@ Show that, for n = 2,

3([/.'—1
[,=——+ L.
: nb" n =

where a and b are integers to be found.

(b) Hence, or otherwise, find the exact value of

~ln2 4
|0 cosh” x dx

(Total for question = 10 marks)
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Q8.

=V

()

Figure 1

An engineering student makes a miniature arch as part of the design for a piece of
coursework.

The cross-section of this arch is modelled by the curve with equation
y=A—-3cosh2x, -lha<x<lna

where a > 1 and A is a positive constant. The curve begins and ends on the x-axis, as
shown in Figure 1.

-]

a:—

(@) Show that the length of this curve is k\ a” J, stating the value of the constant k.
The length of the curved cross-section of the miniature arch is required to be 2 m long.

(b) Find the height of the arch, according to this model, giving your answer to 2 significant
figures.

(c) Find also the width of the base of the arch giving your answer to 2 significant figures.

(d) Give the equation of another curve that could be used as a suitable model for the
cross-section of an arch, with approximately the same height and width as you found using
the first model.

(You do not need to consider the arc length of your curve)

(Total for question = 12 marks)
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Qo.

In this question you must show all stages of your working.

You must not use the integration facility on your calculator.
[”=J‘I"\/4+51:d1 n=>0

(@) Show that, forn>1

y A

L 4

Figure 1
The curve shown in Figure 1 is defined by the parametric equations

4

: ! |
_—ff _1—2)‘ 0L

This curve is rotated through 2 radians about the x-axis to form a hollow open shell.

VAN
~

V/AN
[

(b) Show that the external surface area of the shell is given by

1
rrj t'N4 +5¢° dt
Using the results in parts (a) and (b) and making each step of your working clear,

(c) determine the value of the external surface area of the shell, giving your answer to 3
significant figures.

(Total for question = 15 marks)
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Mark Scheme - Integration Techniques

QL.
(a) I,= ) sin"2xdx= sin™ ! 2x sin 2x dx
. M1 2.1
Leading to I, =[Z sin™ 2xc052x] - /1[ sin™ 2xcos’ 2xdx
v 8 =(-%sin"" 2xcost:l +[ (1-1sin"? 2xcos? 2xdx Al 1.1b
I =0+(n—l)[ sin""? 23((1—sin2 2x Jdx
’ 5 dM1 1.1b
= (-1 sin™ 2xdx—(n-1)[ sin"2xdr
"ln=(n' l)lu-zb I =nT_lln—2: Al* 2:1
4)
Alternative: On epen MAMA make sure marks are recorded in
the correct place
I,= Q sin"2xdx= Q sin™?2xsin’ 2x dx
= sin” Tox - cos® 2x) dx Mi L1b
= sin" 22x dx- O sin” 12xcos? 2x dx
Leading to an attempt at integration
IL=1I ,- O (sin™ % 2x cos 2x)(cos 2x) dx
dM1 2.1
I,=1,,~[ Asin™ 2xcos2x] + [ sin2xsin™ 2xdv
I,=1_,-| -sin™ 2x cos 2x —-l—j sin” 2xdx Al 1.1b
4 |_2(n—1) | on-1
1
:ln_l—ln-z_n__lln=(n_l)ln—("_nln—z_lrl:’ln— Al 21
—n In2”
(b) \ ;5 5 s .5
O 64sin” xcos” xdx= §§ Asin 2xdx i 5
Note 4 =2
Is =213,13 =§Iland11=jgsin2x dx = [acost]; =... M1 L1b
4 2 16
=2x (=) xli=)x1 =20 Al 1.1b
2x () x(G)x1- 5
3)
(7 marks)
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Notes:

()

M1: Writessin™ 2 xas sin™ ' 2 x sin 2 xand integrates using by parts to the form

§AED I:/ sin"? 2x cos 2x] - /1" sin™ 2xcos” 2x dx

Al: Correct integration. may be unsimplified

dM1: Substitutes the limits of 0 and ginto “uv’, this may be implied by 0. Replaces cos?2x = 1 —

sin’ 2 xand multiplies out into separate integrals.
Al7: Achieves the printed answer following a correct intermediate line and no errors. Cso

Alternative
M1: Writessin™ 2 xas sin® 22 x sin?2x = sin™22x (1 — cos? 2 x)., writes as

= sin” 22x dx- O sin” 2 2x cos® 2x drand attempts to integrate
dM1: Integrates using by parts to the form 7, =7 , —i—/l sin™ 2xcos 2;\'] +u ‘ sin 2xsin™ 2xdx

Al: Correct integration, may be unsimplified
Al7: Achieves the printed answer following a correct intermediate line and no errors. cso

(b)

M1: Uses the identity sin 2 x = 2 sin x cos xin an attempt to write the integral as [ 4 sin®2x dx
1.3
M1: Uses the answer to part (a) to find a value for Is and /zand finds I; = foz sin2x dx =...

16
Al: —cso
15
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Q2.
Question Scheme Marks AOs
SA=2:rIrsinr9 ’r2 —{%} d6?=2:r_[rsin9\#25c052:9+...d0
} M1 | 21
Or SA=27rJ.rcose1‘r2+(%J d0=27z'J.rcosc9\}2500526+...d9
, dr )
r =2500520= 2r —==*ksin26
1 5 g M1 | 21
Or r=5cos? 26 = £=Acos_S 26x Bsin 26 (oe)
2r%=—503inze o Ezwj‘ﬂ
Y s 44 - Al | 11b
Or — =—cos 220x-2sin20 (oe)
de 2
SA= 27:I 5ycos sm@JZSco 204 25510726 4
cos26
(may use cos §) | Ml 2.1
—zzj'sx/ s20sin 6 de:k;zjsinede
w/cosZG
=507IISin 8dé or SOHJ.cos@dG Al 1.1b
=507 sin 046 =507 —cos 6]} Ml | 34
0 0
=257(2-2) (cm?) Al | 22a
©)
(b)
dv M1 3.1a
d; =0 and using their value of 6 to find CD
y =rsin@=>5+/cos20sin &
s 5si i M1 1.1b
d“;=—M+5 cos26 cos@
de cos26
%=0:>5c050—20c0598in29=0:>0=... M1 2.1
E.g. sin” 9— :>9—— or cos30=0=30="=¢== Al 1.1b
4 6 2 6
. 7.1 502, Mi; | 34
CD=2rsmg=2x5x cosgxE : =T(cm_)* Al* 21
(6)

(13 marks)
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Notes

(a)

M1: Applies the surface area formula about the x or y axis with substitution of at least the »2 and attempt at
(—) as shown in scheme. May be completed in stages, so allow if correct formula quoted and the

relevant “pieces”™ are found. The 2x may be recovered later but must be present at some stage.
M1: Attempts to find an expression in E via implicit differentiation or first square rooting and then
using the chain rule.

. . dr gz
Al: Correct expression for or in v need not be simplified.
M1: Makes a complete substitution into the SA formula and applies appropriate trigonometric identities
to simplify to the form kﬁ.‘. sin8dé or kﬂ’J. cos 8d6 as appropriate for their method.

Al: Obtains a correct simplified integral.
M1: Uses the model with appropriate limits to determine the surface area of the top using their integral.

Note that for rotation around the x axis appropriate limits will likely be 0 and % but may be —% and 0.

’ < . o T T . .
For rotation about the y axis allow this mark for limits lz and % (note that the curve is not strictly

-

defined for these limits).
Al: Correct expression with no errors. Must come from a correct integral — so 1f rotation about the v axis

. - 2
is used they must have made clear reference to using r~ = —25c0s28 as the curve.

(®)

M1: A complete method for finding CD. Need to see the maximum identified and the length of CD
calculated (watch out as 7 is the same value as CD so check they are finding CD)

M1: Uses the product rule correctly to differentiate »sin 8 — expect the correct form

1 1
arsin 26sin 6(cos26) 2 + Beos 6(cos26)?

. o ) dy dx L
M1: Makes progress by setting their derivative (which may be — or —) equal to 0 and proceeding via

dée

correct trig work to reach a value for 6 . Various routes are possible e.g.

%:0:>50059—20cos¢95in2920:>cos€(1—4sin2 6)=0=>sinf=..=6=..

dJ‘;=0:> c0s 26 cos O—sin 20sin B=0 = cos30=0=30=..= O =...

) 2
2=0:>tan2¢9= 1 — ‘.tan? = 1
dé tand 1-tan" 6 tand

Al: Correct value for 6 from correct working — derivative must have been correct. May be implied by

=tan’f=_=60=_.

3 : : s
correct sin and cosine values used in formulae. SC Award for /g if using x =rcosé

M1: Uses their value of 8 in the model to find CD. ie CD =2 x5+j008"260" xsin" 8"
dx

Allow for use of 2r cos @ for attempts stemming from — =0

Al*:cso Correct proof

NB for x =rcos6 used. a maximum MOMOMIAIMI1AQ can be gained unless ¥’ =—25c0s820 is used,
in which case full marks is possible.
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ALT for (b):

root.

M1: Hence max value for CD is 10x 1 ’"%" . Correct method to achieved CD.

Al: Correct proof.

Alternatively may optimise via calculus — score for full method leading to a value for &

M1: for correct overall strategy of finding expression for width and maximising (via any valid
method, e.g completion of square, calculus).

M1: CD=2rsinf= lO\/OOS 20sin’ 6 = IOV(Sin2 6—-2sin* @ forms trig expression inside square

MIAL: sin® 6—2sin* 6= —2(sin4 6 —1Lsin’ 9) = —2((sin2 9—%)2 —%J completes the square.

Q3.

Question Scheme Marks | AOs
@ L= Icosec"'zx cosec’x dv
) dv 2 dv du MG el
u=cosec” “Xx,—= cosec‘x,'[u—dr = u\r—jr—dx
dx dx dy
L= —cosec”'lxcotx—(n —2)'[cosec”'3x(_—cosecxcot x)(—cotx)dx Al 1.1b
I, =—cosec” *xcot x—(n —2)jcosec”'2xc:otl xdx
0 S —cosec”'zxcotx—(n—Z)Icosec"“zx('coseclx—li) dx
) ; : / dM1 | 1.1b
I, =—cosec™ xcotx—(n-2)I, +(n-2)I,
(n—1)I,=—cosec™xcotx+(n—-2)1_,
In:(_n—Z)IH_cosec xootx Al* 21
n-1 "~ n-1
()
(b) 4 g
4 cosec xcotx : 4. .: | cosecixcotx 12
Iy=—0,—— or [, =—[1,]) -| ———— :
=L - = |
2 4
=%[Elz _cosec;cotx}_cosec EOR or with limits etc M1 1.1b
5 a =
: 8 % 4cosecxcotx | cosec*xcot x |2
[I]7 = —[-cotx]; - - ML | 21
$ 15 5 15 3 5 s
s 3
8 3 1643 16+/3 56
L V3 +_‘/_+_‘/_=_J§* Al* | 22a
151 3 135 135 135
)

(8 marks)
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Notes

(a) For Alt 1 and any other similar approaches marking follows the same pattern

M1: Splits the integrand into the product as shown and begins the process of integration by parts
For Alt 2 this requires applying the expression for cot2x in terms of cosec?x, splitting the integral
and setting up the process for integration by parts on the composite term.

Al: Correct expression (for Alt 2 it is for a correct application of parts on their second term)
dM1: Depends on previous M. Applies cot’x = +1 + cosec?x and introduces I, and I.2 (For Alt 2
this is for complete substitution for I and I.2)

Al*: Completes the proof by making I the subject with no errors seen (but condone minor
notational slips). For Alt 1 a clear statement of replacing » by n — 2 oe should be made.

(b)

M1: Begins process of application of reduction to find 7, in terms of 7, (need not evaluate terms)
or deduces the value of I (Alt 1)

MI1: Uses the reduction formula correctly to find s in terms of I2 (need not be evaluated yet).

M1: A fully correct method using the reduction formula correctly to reach a value for Is.
Substitutions must be shown for the non-zero terms but accept decimals/trig functions for the M.
Al*: Reaches the printed answer with no errors, relevant working shown and trig terms evaluated

@ L= J.Cosec"'lx sinxdx (Allow with n+1 in power for M’s)
ALT1 dv dv du Ml 2.1
u=cosec™x,— =sinx,ju— de= u\'—J.v—dx
dy dx dx
I.= —oosec"’lxcosx—(nﬂ) J.cosec"x('_—oosecv oot x )( —cosx ) dx Al 1.1b
I, =—cosec"x oot x —(n+l)_"oosec"x cot’ xdx
I, =—cosec"xcotx—( n+1i)’|'cosec"x(cosec2x—l)cbc
' ' ; : dM1 1.1b
I =—cosec"xcotx—(n+1)1_,+(n+1)I,
(n+1)1_, =—cosec"xcotx+nl,
. . (n—2) "2x cot :
replacing n by n—2 g:wes]n=u1"_2—w* Al* 2.1
n-1 n-1
“)
@ T i Icosec*zx cosec’x dr = _"cosec"'zx (1+cot? x)dx
ALT2 " ‘ "
=Icosec""xdr - J'cosec""x ootx)(cot X)dx M 21
dv . dv du
u=coty,—= msec*‘xcdx,ju—dx =u\=—.|.r—dr
dy dr dx
I =I_,+ootx S8 &t N PR A (—cosec’x dx Al 1.1b
n-2 n-2 ' :
(n-2)I, =(n—-2)I,_, —cosec™ *x cot x—jcosec"xdr
(n—2)I,=(n—2)I_, —cosec™ xcotx—1I, dM1 | L.1b
(n—1)1, =—cosec™ xcotx+(n-2)7 _,
“9 -2
I = (n )IH_ cosec™*xcotx i |
n-1 "~ n-1
“4)
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Q4.

(b) : , :
I, =I cosec’x dx=[—cotx]|; =£ M1 2.2a
ALT : . 3
2 cosecxcotx || 2 4
b gy ) Bt (s 3+—3 M1 1.1b
3 3 ., 9 27
4 cosec’xcotx | 4( 4 2 16
R oGS _J5+_J5)+_ﬁ Mi | 21
55‘[ 5 15[27 9 135
56
=2 f3* Al* | L1b
135
@
Complete overall strategy evidenced — requires finding the area of the
two sides. and the area of the curved surface via attempt at the arc M1 3.1a
length first.
1
1, S
Area of each side 1s J.;l"dt?: 450J‘ (1-67ydé Bl 1.1b
- 0
1 3 1T
=450| 1-26° +0‘d6=450[d—19’ ——3’] M1 | 1lb
» 3 3 kg
gl |= 240 (cm?) Al | 34
“ 3 51 a :
s (4 . A :
r*+| = | =900(1-26" +6*)+(30x-26) M1l | LIb
. dé@
=900(1+ 6’ Al |29
Length of curve 1s
2 1 R 9
r +| i[ de=30 1+92d9=3o[e—19’ M [ #
. dé 3 L 3.k
f 1
=30| 1+3-© | =40 (cm) Al | 34
Surface area required 1s 2x"240"+235x"40" = .. M1 1.1b
= 9880 cm’ Al 3.2a
(10)

(10 marks)
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Notes:

M1: Shows a complete strategy for finding the required surface area — must include both sides. and
attempt at area of curved surface using arc length using the correct formula.

B1: Uses polar area formula for at least one of the two sides. May use 2 x J‘%rldé’ . but should be

clear they are finding area of both sides. (Limits not needed for this mark.)

M1: Expands 7° and integrates. powers to raise by 1.
Al: Applies limits and finds the area of one (or both) sides. 240 cm” for one sides, or 480 cm? for
both. Look to see if they double when combining to see if they have one or two sides.

[ dr . . i . .
| — | with correct differentiation. May be errors in squaring.

M1: Attempts 7 +
| de

Al: Correct factorised expression, which may be implied by later work when they need to square
root.

M1: Applies the arc length formula to their expression. must be a valid attempt to square root.
(Limits not needed.)

Al: Applies the limits to the integral to obtain correct arc length.

M1: Uses area of curved surface is arc length x width of bump. with correct units used (not 2.35
and 40 unless they recover before adding) and adds the areas of the sides. Allow even if the attempt
at the arc length came from incorrect application of the formula.

Al: cao 9880 cm?
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Q5.

(a) . S
I = [0 sinxsin” xdx M1 2.1
=
= [—cos xsin™? x]; = (—)L‘ cos® x(n—1)sin"> xdx Al 1.1b
Obtains =0—(-) jo’ (1-sin’® x)(n—1)sin" > xdx Ml | Llb
So IR = (n -I)I’._2 —(n —I)I" and hence )II" = (n -I)IH_1 * Al* 2.1
)
(b) _(-1 s P 1
uses I —Tln_z to give I, —EIS or I, _310 Ml 3.1b
. Ix7Tx5x3x1
7S i i Ml 21
10x8x6x4x2
=% Bl | LIb
2
Required area is 2(/, = I,,) = or 8x+(I,-1,) = M1 3.1b
T 637 657 ,
=~[___]= i Al 11b
4 512/ 256
3
(9 marks)
Notes:
(a)
M1:  Splits the integrand into the product shown and begins process of integration by parts (there may
be sign errors)
Al:  Correct work
MI1:  Uses limits on the first term and expresses cos” term in terms of sin’
Al=: Completes the proof collecting 7, terms correctly with all stages shown
(b)
MI1: Attempts to find I,U and/orI2
MI1: Finds I, in terms of /,
Bl1: Finds /, o correctly
MI1:  States the expression needed to find the required area
Al:  Completes the calculation to give this exact answer
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Q6.

Q}lestxon Scheme Notes Marks
Number
(a) { 23 ) ) 2 x x
Wav 1 y=In| i =In(e’"+1)-In(e’ - l)zd;\=_e—— 2
” le'—=1) 2 ¢ b dc e"+1 e'-1 MiAl
M1: Uses correct log rule and attempts derivative using chain rule
A1l: Correct Derivative
dM1: Attempt single fraction
and uses
e _ef_eP_ef  _9e* (&E-1)(e+1)=e¥-1.
= = e Dependent on the first method | dM1A1*
e’ -1 e’ -1
mark.
Al: Completes correctly with
110 e11ors
@
(a) Way 2
dy _e-1¢ (e*—1)—e"{e*+1) M1: Uses chain and quotient or
dc e +1l (e — 1'|: | product rules
or MIA1
dv e'-1 R . -2 Al: Correct denivative
crg 1(.ex(e’—lj -e"(e"+1)(e"-1) |
dM1: Cancels e*— 1 and uses
-1 +1)= e*-1.
1 2e* 2e” :
s I _2 | : e & Dependent on the first method dAMI1AL*
e'+1! e'—1] et -1 mark.
Al: Completes correctly with
110 er1ro1s
(a) Way 3
(e*+1)_ , e*+1 dy e(e’—1)-e"(e"+1)
y=1nI — ] = e — = . '
\ef—1 e" -1 dx (ef—1)
: : o : MI1A1
MI: Removes logs correctly and differentiates implicitly using cham and quotient
rules
Al: Correct differentiation
dM1: Divides by e¥ in terms of
dy 2e* e -1 2" x. Dependent on the first
& (e 1P S I T method mark. dM1A1
(e ) Al: Completes correctly with
110 e11o1s
(a) Way 4
y=In e" &k 1=111;' cothlx l:d—1=; X —lcosech:lx
\e"-1) 1 2 ) dx cothix 2 2
‘ (o MI1AL
MI1: Writes as l.ni coth;x g and differentiates using the chain rule
Al: Correct differentiation
dM1: Substitutes the correct
(=1 9" 2e* exponential forms. Dependent
=| KT on the first method mark. dM1A1
le'*+1 ( e‘» -1 ) e -1 2 =
‘ Al: Completes correctly with

10 errors
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(a) Way 5

1, (1+x) <
artanhy = = In| 1+—\ = y =2artanh(e™)
2" \1-x)

dy 2

§ (e" - 1): +2(e"-1) T method mark.

Al: Completes correctly with no
errors

== x—e ™ MI1AL
& 1-(e)
M1: Writes y correctly in terms of artanh and attempts to differentiate using the chain rule
Al: Correct differentiation
dM1: Multiplies numerator and
dv  —2e*  —2e" . denominator by ™. Dependent on
—=——= ‘: * the first method mark. dMI1A1
dc 1-e e -1 Al: Completes correctly with no
e17ors
(a) Way 6
‘ 2 j_.dy 1 efx_ q\2
y=In|l+— === Tx—2e"(e"—1)
Loe sl e (et
o 5 MI1A1
MI: Writes — : as 1+— ; and differentiates using the chain rule
€= €=
Al: Correct differentiation
dM1: Multiplies denominator by
—2¢e* —2e* (e"—1) . Dependent on the first
dMI1A1
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®)

Uses the correct arc length formula
with = the result from part (a). Note

=In—
9

that we condone the omission of s
the minus sign on the fraction)
_ | % —2e +1+4e™ e Attempt single fraction. Dependent aM1
- (e - 1-)3 on the first method mark. g
Note that, for the first 2 marks, the candidate may just work on the integrand
e.g.
| > 2 ) 4 _ 5 2x 1. a2 )
.1+|i; I l= e 2e‘ +1-4e
et=1] | (e —1)
Would score the first 2 marks.
(e +1) (™ +1) Correct integral with square root
= dx = dx g q Al
v (e¥ - ”3 (e 1) removed. No limits required. .
Na2x )
coth xdx. x, |1 £ = dr,l l—Ldu(u— f—1)
2w u+l
= ———du( u=e¥), | — ———du( u=e*),
u—1
1 2
- ——du(u—e +1)
2V u-2 u-
=[lnsinhx].l_ln(e‘" —e™ ]].[x—ln(l— e )_l.‘ Inu-Inf(1+u ):I,
-1)
[n(u=1)-Invic .| In [in(u-2)-lnyk=1] S
Correct integration
Correct use of limits e.g. In3 and
—Insinh(1n3)—Insinh(1n?2) In2 for xand e.g. 3 and 8 if
; 4 3% Bim €5 1 : They must be the ddMi
‘ =ln—-Iln— correct limits for their method 1f
: 3 4 they use substitution. Dependent
on both previous method marks.
16
cao Al

(©6)

Total 10
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Q7.

Question
Number Scheme Notes Marks
m2
Z, =I cosh”xdx
0
(a) [ n-l__ - A
I, = J cosh™ " xcosh xdx
I, = J. cosh™'x cosh xdx = sinh xcosh™ x —I (n—1)cosh™xsinh® xdx
M1: Integration by parts in the correct direction. If the formula 1s quoted 1t must be
correct otherwise look for an expression of the form MI1A1
+sinhxcosh™! x+k [ cosh™?xsinh? xdx
A1l: Correct expression
Replaces sinh® x with
+cosh® x=1 on the
—sinh xcosh™ x— j (n—1 )cosh"':x( cosh? x—1 Jdx “integration part” to obtainan | gapy
' expression in cosh x only.
Dependent on the first
method mark.
=sinhxcosh™ x—(n—1 )j cosh™xdx+(n—1) [ cosh™2xdx
: Introduces J; and F-2.
=sinhxcosh™ x—(n—1)7, +(n—1)7,_, Dependent on both previous ddM1
method marks.
Cg wop a2 " ATt Use of given limits on their
l_smh.x cosh x]s =simh(ln 2)cosh™ (In2)(-0) sinh coshim™d Docs it need
(33 5V to be evaluated but note that M1
‘. =k]“?' I cosh{ln?_l=i.sinh[1x12)=i
4 4
zn-1
Ir=.’>>.3,T _n )In—’* B Al*
- nx4 n -
(6)
(a) Way 2
I, = ' cosh™ xcosh’ xdv = | cosh™xdx —I cosh™ xsinh? xdx M1
Writes cosh” x as cosh” xcosh?® x and uses sinh’ x = =cosh® x=1
a3 ['sinh xcosh™ x E oF
[ cosh™xsinh® xdy =| ————— = ——J cosh”xdx
J L n—1 n—1
M1: Integration by parts in the correct direction. If the formula is quoted it mustbe | ynr1a4
correct otherwise look for an expression of the form
psinhxcosh™ x=g [ cosh”xdx
Al: Correct expression
; ‘ - s Introduces 7 and 2.
(n=1)1, =(n-1)I,_, +| sinhxcosh™ x]—I,_, Dependent on both ddM1
previous method marks.
Use of given limits on their
R B = ( sinh x cosh™™ x . Does not
sinh xcosh™ x|~ =sinh(In 2) cosh™ (In 2) (-0
L b (in2) (n2)(-0) need to be evaluated but note
" (335 ;"_: | that M1
=|=||= ; S sy c: 3
l 4,-" 4) ! cosh(In2)==_smh(ln2)==
4 4
x5 (n-1
In=3’ - _ ) - cao Al*
nx4" n o

You can condone the occasional missing x, dx and limits along the way and
“invisible” brackets may be recovered.
Do not allow e.g. an obvious sign error that gets “corrected™ later — withhold the
final Al in such cases.
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(b) 3% 5 3 . 3xa’ 3 . Correct first application of their or |, /.
A A At gAY gk g the given reduction formula
3x5 3(3x5 1 ) 3xd® 3(3xa 1
= T+~ —=+=1, |or—.+— —+—1I
4x4* 4\ 2x4* 2°%)  axdt 4\2xbp® 27°) Ml
Correct second application of their or the given reduction formula that is consistent
with the formula used in the first application to obtain 7, in terms of 7,
I,=In2 B1
735 3 Cao (Allow equivalent exact forms
=——+—In2 e.g. may be factorised but fractions | Al
1024 8 must be collected)
Note that candidates may work from the “other end” e.g.
I,=m2 Bl
1, =LD,—11. M1 I, interms of I,
LR & SO A 2
3x5°  3(3x5 1
= +2| ~+—1, M1 I, intermsof I,
Y axa® 4lax4? 2 °‘| . £
735; 3
=—— =2 Al
1024 8
Cao (Allow equivalent exact forms e.g. may be factorised but fractions must be
collected)
)
(b) x5 icati 1 i
Wars - 3x 3: . 3 I gorrect application of their reduction Mi
ay 2 4x4° g2 ormula
12 . B ‘
L= J. cosh™xdr= J | —+—cosh 2x |dx
- 0 o \2 2 )
(‘1. 1 ) Xy ; :
[ I = —-;cosh 2x |d\' =t sinh 2x Correct integration Bl
) m2 Correct use of limits on an
Ty = [i = lsmh 21} = l]n 2+ li expression of the form L
2 4 0 2 32 ax =+ @sinh2x
4=3x_34-ii llnz 1_3]
ax4® 4l2 32
735 3 Cao (Allow equivalent exact forms
e =In2 e.g. may be factorised but fractions | Al
1024 8 must be collected)
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must be collected)

(b) a2 4 P2 2
Way3 | I, = ' cosh™xdx = J I —+—cosh2x | dx
’ Jo 2 2 )
[ i l lcosh 2x+ lcosh: 2x . dx cosh® x = i —lcosh 2x L cosh?2x | Bl
Jo \4 2 4 - 4 2 4
5 ol
( <2y = — /
%J ‘ 1+2cosh2x +—(1+cosh4a ) | dx st 23 2 = 2 COShh =l il
attempt to mtegrate
—
1[3x 1 . N
I' 5F sinh 2x + gsmh 4x | Correct use of correct limits Ml
735 3 Cao (Allow equivalent exact forms
Iy = 3 +=In2 e.g. may be factorised but fractions | Al
1024 8 must be collected)
®) m mf x o)
“ra-‘. 4 I 4= J’c; cosh™xdx = .[) 1 5 1 dx
m2f x - a2
¥ 1) : B
=I \ £ : \ dx= il—ij (¥ +4e™ + 64 +e ™ )dx Bl
o L 2 )
Correct expansion
: )
1) e” 3 € , ; ; /
=i = =526 6% 2e™" c Attempts fo integrate their expansion M
16)| 4 4 |
- 2
(1} j [ K8 s N
'— 'i4+8—61n?_———— (—(0) Correct use of correct limits 1
\16)| 2 B4V s
735 3 Cao (Allow equivalent exact forms
I = gln 2 e.g. may be factorised but fractions | Al

Total 10
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d_y = g B1 21
dx
s0.§'= [ y1+sinh® 2xdx Ml 2.1
RS J cosh 2xdx Al 1.1b
= [-é—sinh Bx]l_n;a or [sinh 2x]l:a M1 20l
: 2 3 1)
= sinh2lna=1[e"™ -¢™] = %[ az——,J (sok=1%) Al | 11b
2 2| a
)
(b) ( 1) :
Ua’-=|=2s0d" -4a’-1=0 Ml | LIb
\ a
2
a :2—\/§ (and a = 2.06 (approx.) ) M1 L1b
When x=1na. y=0 so A=%cosh(2lna) Ml 34
Height =4 — 0.5 = awrt 0.62m Al 1.1b
)
(c) The width of the base = 2lna = 1.4m Bl 34
@
(d) A parabola of the form  y = 0.62 —1.19x7. or other symmetric curve MIA1L 33
with its equation e.g. 0.62cos(2.2x) 33
(2)
(12 marks)
Notes:
()
BI: Starts explanation by finding the correct derivative
MI1:  Uses their derivative in the formula for arc length
Al:  Uses suitable identity to simplify the integrand and to obtain the expression in scheme
MI1: Integrates and uses appropnate limits to find the required arc length
Al:  Uses the definition of sinh to complete the proof and identifies the value for £
()
MI1:  Uses the formula obtained from the model and the length of the arch to create a quartic equation
MI1: Continues to use this model to obtain a quadratic and to obtain values for a
MI1:  Attempts to find a value for 4 in order to find /1
Al:  Finds a value for the height correct to 2sf (or accept exact answer)
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Notes: (continued)
()
Bl1: Finds width to 2 sfie. 1.4m
(d)
M1: Chooses or describes an even function with maximum point on the y axis
Al: Gives suitable equation passing through (0. 0.62) and (0.7. 0) and (- 0.7, 0)
Q9.
3 3
@ | 1, = | M xefar52 de = K (4458 ) —J{n—l_}t"'zxK(4+5t2 Pdr| M1 |31a
P = 2 3
I =t"'%x—(4+57 ) - | (n-1)r"7x (4+56% )2 dr Al | LIb
3x10° 3x10°
1 2 2 n-1 n-2 1'1 2
=" x—(4+5 ) B L) (44567 2 x (44567 ) de
15" 15
Ml | 3la
71 2 An=1)( ., 25 5(n—1) 1
=—(4+57 )2 - " 4+56 )2 dr - " (4+5¢)2 dr
7 (R 15 ' 15
3
=151, =" (4+57° P -4(n-1)1,,-5(n-1)I, =1, = Ml | 1L1b
n=1 ) 1.3 4 _1
fi=_t_faasop T Dy o Al* | 21
5(n+2)° S(n+2)
3
®) Bl 1.1a
Bl 1.1b
M1 1.1b
=J.%t4\/5t8+4t6 w:%jr’\/4+5r2 dr Ml | 21
1
Hence surface area =/ J- t'\ 44562 dr* Al* | 1.1b
0
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1
(c) i 1 a] 27 8
L =|—4+5¢ )P | =——-—= — (=1.266.. Bl 2:2
(41, [15( )JO 15 15 15( ¢ .
1
4x6, 1
2 o S A\
j "Ja+58 dr = [ (4+ 5:)} 5)(9[15]0 M1 | LIb
4 3P
=3—£ L_(4+582) 4“’[1]
5 15(|5x7 3
; Ml |3la
2 3
o BT 10 ’_(4+5,2z 4X2[1]
5 15 35 35| 5x5 A 0
3 8(27 16(27 8 19
Total surf: | 2 ——f = e~ x— ||]|=... ‘
. acema’s(')[s 15(35 35[25 25 15]” ML | &=
69509 7
=awrt 1.11 (3 =
< Q=2 ( 196875J A |
5
For the three method marks if the process 1s worked the other way:
r 1 P \ y
[13]1 (4+5t ) 4x2[ 1] [_2_ 8x19 —2—0.6746 | M1 1.1b
° 5><5 o %5 o\ 25, 25x35 375
- v11 )
i - )3 4><4[] _21_16 253 6077 o con
" °l 35 35 375 13125 )
. e Ml |31a
1 t 2\3 4 6
L], = m(4+5t )-]0 = 9[ 5]0
- . g(_son]_ Ml | 21
45 45113125 . £
=awrt 1.11 Al 1.1b

(15 marks)
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Notes:

(a)
M1: Splits the integrand correctly and applies integration by parts in the correct direction to achieve
a form as shown 1n the scheme.

Al: Correct result of applying parts. need not be simplified.

M1: Splits the integrand to identify I, and I,_, (or allow if I, , appears due to error for this mark)
in the equation.

M]1: Rearranges to make I, the subject from an equation in I, and 7,

Al*: Correct completion to the given result.

(b)

B1: Correct parametric formula for surface area given. Must include the 27 and limits, but these may
be added at a later stage and must the 27 must be seen before cancelling occurs.

B1: Correct denivatives of x and y with respect to 7 seen or implied.

Iv &) +l’ ay ‘ df . May have included the limits and
\dr ) Ldt)

M1: Applies their derivatives and y to J‘y

27 here. but they are not needed for this mark.

M]1: Squares the derivatives and takes a common factor £ from the square root to reach appropriate
form for the integral. Limits and 27 not needed for this mark.

Al*: Reaches correct answer with no errors seen. limits included (but do not need to be justified)
and the df must be present and the 27 must have been seen and correctly processed.

(c)

B1: Correct value for J; between the limits - need not be simplified and may be seen later in the
working.

M1: Applies the reduction formula from (a) in attempt to solve the integral. This may be from 7. to
I; or from I, ta I, depending on the direction they are going. Allow for any application relevant to
the integral (e.g between two odd values for #).

M1: Applies the reduction formula two more times to link /1 and 7. May have evaluated at each
stage or find expression before substituting limits but look for the complete process to link the two
intervals.

dM1: Applies the limits to their integral in a complete process to reach an answer. Allow if
substitution happens throughout the process of reduction or at the end but it must be a complete
process to find reach a value, though allow if the 7 1s not included.

Al: Must have scored all three method marks. Correct answer, awrt 1.11.






