Ch.6 Hyperbolic Functions

Hyperbolic Functions

Questions
Q1.

Given that y = arsinh(tanh x), show that

"
dy sech™x

| 2
dx 1 + tanh®x

(Total for question = 5 marks)

Q2.

1

J4x?2 +9

(a) Using a substitution, that should be stated clearly, show that

f(x) =

J‘f(,\')d\' = 4sinh1(Bx) + ¢

where c is an arbitrary constant and A and B are constants to be found.

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over the
interval [0, 3].

(Total for question = 6 marks)

Q3.

The curve C has equation
y = 31smhx — 2sinh2x xeR

Determine, in terms of natural logarithms, the exact x coordinates of the stationary points of
C.
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(Total for question = 7 marks)

Q4.

(@) Using the definition for cosh x in terms of exponentials, show that

cosh 2x =2 cosh2x - 1

(b) Find the exact values of x for which

29cosh x — 3cosh 2x = 38

giving your answers in terms of natural logarithms.

(Total for question = 9 marks)

Q5.

(a) Prove that

1 ] 1+ x
tanh™ (x) = o In k<x<k

1—x

stating the value of the constant k.

(b) Hence, or otherwise, solve the equation

2x = tanh(ln V2 — 3A\')

(Total for question = 10 marks)

Q6.

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Determine the values of x for which
64 cosh*x — 64 cosh’x—-9=0

Give your answers in the form g In 2 where q is rational and in simplest form.

(Total for question = 4 marks)
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Q7.

Solutions based entirely on graphical or numerical methods are not acceptable.

VA
y = arsinhx

. y=58

"8

Figure 1
Figure 1 shows a sketch of part of the curve with equation
y = arsinh x Xx20
and the straight line with equation 'y = 8

The line and the curve intersect at the point with coordinates (a, )

|
. f=—In3
Given that 2

1
a= "
(@) show that NQ)

The finite region R, shown shaded in Figure 1, is bounded by the curve with equation y =
arsinhx , the y-axis and the line with equationy = 8

The region R is rotated through 217 radians about the y-axis.

(b) Use calculus to find the exact value of the volume of the solid generated.

(Total for question = 9 marks)
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Q8.

(a) Use a hyperbolic substitution and calculus to show that

-r 1 [—:— « ~ 4 =
J‘\ﬁ dx = 3[-\’\’-\( -1+ arcoshx] +k

where k is an arbitrary constant.

Y A
C
R
>
O x=23 x
Figure 1

Figure 1 shows a sketch of part of the curve C with equation

y= l—_\ arcoshx 21

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis and the
line with equation x = 3

(b) Using algebraic integration and the result from part (a), show that the area of R is given
by

1—15[17111(3+ 2\72) wﬁ]

(Total for question = 11 marks)
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Q9.
() (&) Explain why .[ coshx dx is an improper integral.

(b) Show that J‘« coshx dx is divergent.

(i) 4 sinhx = p coshx where p is a real constant

Given that this equation has real solutions, determine the range of possible values for p

(Total for question = 6 marks)
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Mark Scheme — Hyperbolic Functions

Q1.

Question ]
Number Scheme Notes Marks
y=arsinh(tanhx)
Way 1 sinh y =tanhx Bl
hy d.T 1 2 5
o4 ‘_\ —aecaX M1: =cosh y or sech™x
or MIA1L
, dx o
coshy= sech‘,\'d— Al: All correct
.\l
dy _ sech’x
dx coshy
dy - sech’x —f(x) Uses a correct identity fo express g111 M1
dx { + 2, ’ X =
165l ) terms of x only
sech®x cso. There must be no errors such as
=" incorrect or missing or inconsistent variables | A1*
1+tanh”x and no missing h’s.
Total 5
Way 2 t =tanhx = y= arsinhr Replaces tanhxr by e g. 7 Bl
df ) dl' 1
M1l: — =%sech“x,— == —
& sech®x .. 1 i * S MI1Al
dx dt J1+#° Al: Correct %and %and correctly i
B
labelled
Uses correct form of the chain rule for
dy dydr sech’x . : dy
—e———=———=f(x) their variables to express — in terms of x /
= a Eoa ) 1 P = 11 M1
only
S Cso. There must be no errors such as
=" incorrect or missing or inconsistent variables | A1*
V1-+tanh®x and no missing h’s.
Total 5
Way 3 dz 2 e s
y u=tanhx = I\l =sech” x Correct derivative B1
sechor sechzx A M1 Complete substitution including the
T 2 sech® x 1 ML
V1+tanh’x i+ - A1: Fully correct substitution
1 ; .
== J 1— du = arsinhu (+¢ ) Reaches arsinhu M1
\/ +u”
Reaches y =arsinh(tanh x) with or
v =arsinh (tanh x)(<c) without + ¢ and no errors such as incorrect | 41*
' or missing or mconsistent variables or
missing h’s.
Total 5
Special Case:
y =arsmh(tanhx )= .. : (x)sech’ x
) 7 dx fistanh?x
_ sech’x
\/1 +tanh® x
Note that the sech?v needs to appear separate from the fraction as above and not | M1Al
just the printed answer written down.
To score more than 2 marks using a chain rule method, a third variable must be
introduced
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Q2.
Question Scheme Marks AOs
a 3
Wz(n—)l x =—sinhu B1 21
d: 3
:C = - - x —cosh u du M1 3.1a
Nax? +9 J4(§)sinh‘u+9 2
1
=J-;du Al 1.1b
1 1 1 ( 2x
= | = du==—u=—sinh™?} —)ﬁ-c Al 1.1b
2 2 2 3,
4
a 3
Wars x=2tana Bl | 21
3 2
x —sec” u du M1 3 1a
J—Ix -+-9 J—l(’)tan u+9
1
= | ssecu du Al 1.1b
(' ~
1 1 2x 23
=_ln(secu+ tanu)——ln‘ ?+ 1+[ ;J
. 2 X Al 1.1b
1 "
u=—smh_l; —)-i—c
2 \3)
(a) 1
Way 3 x=_u or x=kuwhere k=0 k£1 B1 21
1du
7o M1 3.1a
\f4r +9 \/4( )u +9 2
or— —  du forx=ku Al 1.1b
\fu +9
4k
| o 1 >
B - ML Al | L1b
2 2 3
(h) Mean value =
2 = {2
1 lsinh’liﬂ) =lxlsinh'1"X3)(—0) ME | 23
3(-0)L2 \3)/)1l, 3 2 =
=%ln(2+\}{5_ ) (Brackets are required) Alft | 1.1b
@
(6 marks)




Ch.6 Hyperbolic Functions

Notes

(@

B1: Selects an appropriate substitution leading to an integrable form

M1: Demonstrates a fully correct method for the substitution that includes substituting into the
function and dealing with the “dx”. The substitution being substituted does not need to be

1
JUE@T +9

with the f'( ) correct for their substitution. E.g. ifx = Do used. must see dx = %du not 2du.

“correct” for this mark but the substitution must be an attempt at j xf'(u) du

A1l: Correct simplified integral in terms of z from correct work and from a correct substitution
A1l: Correct answer including “+ ¢”. Allow arcsinh or arsinh for sinh™ from correct work and
from a correct substitution

(b)

M1: Correctly applies the method for the mean value for their integration which must be of the
form specified in part (a) and substitutes the limits 0 and 3 but condone omission of 0

A1l: Correct exact answer (follow throush their 4 and B). Brackets are required if appropriate.
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Q3.

Question Scheme Marks AOs
dy
—=31coshx—4cosh2x B1 1.1b
dx
dv . 2
——=31coshx—4(2cosh” x-1) Ml | 3.1a
dx
8cosh’ x—31coshx—4=0 Al 1.1b
(8coshx+1)(coshx—4)=0=cosh=... M1 1.1b
COth=4.{ _1 ' Al 1.1b
| g
coshx:a:x:ln( a++a’ —1) orln(a+\/a: -1 )
or—In| a++a? -1 Jor In| a—a? -1 )
b 3 M1 1.2
or
e'+e " 2x « .
=4P e*- 8"+ 7=0P &= _P x=In(.)
+In(4+4/15) or In(4+4/15) Al | 22a
(7
Alternative
£=31cosh.\'—4coshlx or31|l}—4 sl o 1.1b
dx . 2 ) 2
. (e*+e*) . [e*+e ™) .
Using coshx= =1 and sinhx = | | as required
i gy =N : { . 2x7, -=2x | M1 3.1a
£ i Llw Al | 1.1b
2 ) \ 2 )
leading to 4e* - 31e**- 31e*+ 4= 0 o.e.
4e* - 31e¥- 31e¥+4=0
Solves M1 1.1b
P = ..
e = 4+ 4/15 or awrt 7.87.0.13 Al 1.1b
x= In(b) where b 1s a real exact value M1 1.2
In(4£+/15) Al | 22a
(7)

(7 marks)
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Notes

B1: Correct differentiation

quadratic in cosh x

A1l: Correct 3 term quadratic obtained

M1: Solves their 3TQ

Al: Correct values (may only see 4 here)

M1: Correct process to reach at least one value for x from their cosh x

M1: Identifies a correct approach by using a correct identity to make progress to obtain a

i ; ; : 1
A1l: Deduces the correct 2 values with no incorrect values or work involving coshx = 3

Alternative
B1: Correct differentiation

for e* with all terms simplified and all on one side

A1: Correct quartic equation for e”

M1: Solves their quartic equation in e”

Al: Correct values to two decimal places or exact values
M1: x= In(b) where b 1s a real exact value

A1l: Deduces the correct 2 values only

M1: Using the exponential form for cosh x, and sinh x if required, and forms a quartic equation

Q4.
1estion
I%:unb er Scheme Notes Marks
cosh 2x = 2cosh? x—1
Note that exponentials must be used in (a)
@ (e*+e= ) Substitutes the correct ex 1
rav =5, 2y_1=2 o ' xponential .
Way 1 thy=Zcosh =1 “1‘ ' ‘ : form into the rhs M1
(eXi24e) Squares correctly to obtain an

=2 - A ]_1 expression in e* and e ™. dM1

A ' Dependent on the previous mark.

2 BT ey
2
elx + e—!x
e cosh2x = [hs* Complete proof with no errors Al*
(3)
(a) Way 2
i s e¥ye™ Substitutes the correct exponential Mi
= 2 form E

( (e +e*) -2 ‘ Completes the square correctly to
=2 — obtain an expression in e¥ and e* dM1

x Dependent on the previous mark.

(e +e™ ) 2 ; ;

2| ———— l —1=2cosh” x—1=rhs* Complete proof with no errors Al*

L2
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(b)
Way 1

29coshx—3(2cosh® x—1)=38 Substitutes the result from part (a)

M1

Forms a 3-term quadratic and
attempt to solve for cosh x. You can
apply the General Principles for
solving a 3TQ if necessary.

6cosh’ x—29coshx+35=0=>coshx=...

M1

12| W

7 :
coshx = ) or coshx= Both correct (or equivalent values)

Al

coshx=o = x=In(a+ya’ -1 ) or Uses the correct In form for arcosh
' ‘ to find at least one value for x for

coshx=a=x=In(a-a’ -1 | or @ > 1 or uses the correct exponential

3 ' form for cosh and solves the

e resulting 3TQ 1n e* to find at least

X
e’ +e
—a=>x=.. :
2 one value forx fora =1

N

D
=
—

( ) [ & 21

x=1nl 1: ’ﬂ l and x=1n| 31‘"'—1 '
| 3 9 | \ 2 4 )
Or equivalent exact forms e.g.

m?:zﬁ i .\-=]nsi:/2_{
|7+._J_ ih‘}'S*—«/T?-l‘"'
’) )

x=2% | and x=

x=In| 7:2@} —In3 and x=ln('5is/ﬁ]—ln2
Al: Any 2 of these 4 solutions. Penalise lack of brackets once where necessary,
the first time it occurs and penalise lack of simplification once, the first time it
occurs

21

5 ) 5
eg ln—x=—— Inj==J=| -1
Byt g 2 \\2)

Al: All 4 correct

AlAl

Note that the decimal answers are, =1.49. ... +1.56.. ..

©

Total 9

Substitutes the correct exponential
3 ] forms

Ml

M1: Multiplies by e or e™* to

3 —298"'" +76€h —20e* +3=0 obtain a quarticme’ or e

Al: Correct quartic in any form
(not necessarily all on one side)

MI1Al

(363 —14e” +3)(e>* —Se* +1)= 0> x = Solves their quartic to find at least
\ 77 | one value for x

Ml

( | [ § 1

x=1nl Ts ’ﬂ ‘ and x=ln‘ itJ'—_l|
'3 9 | 2 4 )
Or equivalent exact forms e.g.

7__J_ d x=In 3+J_
i>+J_l

x=iln'ui and x=xIn

x=In(7=% Jl—)—ln3 and A-ln()*-\/_’—ln“
V21
"2,

|'s
.ln—i
| 2

Al: All 4 correct

e 1115+
g 5%

AlAl
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Q5.

Question Scheme Marks | AOs
(a) . ; < F_Ao¥
y=tanh™'(x)=>tanhy=x=x= snhy, er e_r Ml 21
’ coshy e'+e™ Al 1.1b
Note that some candidates only have one variable and reach e.g.
x= v—e:x or tanhx:ev —e:x
e +e e +e
Allow this to score M1A1
x(éf+U=e“—1:>éfu—x)=1+x:>él:%if Ml | L1b
§ ) S
oy X f1+x) 1. (1+x),
€ - =:D 2}'=ln"\?’:}'=51n:\j) Al* 21
Note that e (x—1)+x+1=0 can be solved as a quadratic in e*:
o 0-4(x -1 (x+1) = AI-x)(x+1) 2 (1-x)(x+1)
2(x-1) 2(_x—1) S 2(1-x)
(x+1) 1. (x+1)
= —= y=—In- -
(1-x) 2 (1-x)
Score M1 for an attempt at the quadratic formula to make &* the subject
(condone = _..) and A1* for a correct solution that rejects the positive
root at some point and deals with the (x — 1) bracket correctly
k=1 or -1<x<1 Bl 1.1b
(6))
(a) P g ’ i:f
Way2 tanh'1x=ll ' —1+x}:>x—tanh; lln: 1ax ): s = =l IXII 1211b
WI=x \ \1-x/, e x+1
wltx l+x_1
e -1 14
e 1-x +1 — =4 Al 21
1-x
Hence true, QED, tick etc.
®) 2x = tanh (In y2—3x = tanh™ (2x) = In 2 - 3x Ml | 31a
1, [1+2x) 1 1+2x
—In| —— |==In(2-3x)= =2-3
™12 )72 03P g "2 ML 2]
6x"—9x+1=0 Al 1.1b
6x' —9x+1=0=>x=_. M1 1.1b
—5
=£ Al 3.2a
12
(©)
Alternative for first 2 marks of (b)
-hm
-1
2x=tanh (In 2 -3x )= 2x == —— = Ml | 31a
2-3x-1 Mi 21

2-3x+1
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Notes

@

If vou come across any attempts to use calculus to prove the result —send to review
M1: Begins the proof by expressing tanh in terms of exponentials and forms an equation in
exponentials.

’ (F—e7)/2 o¥_e? ¥}

The exponential form can be any of — = i e
(e‘ +e¥)/2 ef+et e+l

Allow any variables to be used but the final answer must be in terms of x. Allow alternative
notation for tanh'!x e.g_ artanh_ arctanh.

A1l: Correct expression for “x™ in terms of exponentials

M1: Full method to make e the subject of the formula. This must be correct algebra so allow
sign errors only.

A1*: Completes the proof by using logs correctly and reaches the printed answer with no errors.

{ {
Allowe.g. l]n' X—HJ llnx—H: 1ln x_+l . Need to see tanh_1x=lln' H—XJ as a conclusion
2 0-x)2 1-x" 2 [1-x 2 1-x
14
but allow if the proof concludes that v= %ln ; H—XJ with y defined as tanh™ x earlier.
\1-x

B1: Correct value for k or writes —1 <x <1

Way 2

MI: Starts with result, takes tanh of both sides and expresses in terms of exponentials
A1l: Correct expression

M1: Eliminates exponentials and logs and simplifies

Al: Correct result (1.e. x =x) with conclusion

B1: Correct value for k or writes =1 <x <1

(®)
M1: Adopts a correct strategy by taking tanh™ of both sides
1. (1+2x

M1: Makes the link with part (a) by replacing artanh(2x) with 3 ln;

\1—<X

J and demonstrates the

use of the power law of logs to obtain an equation with logs removed correctly.

Al: Obtains the correct 3TQ

M1: Solves their 3TQ using a correct method (see General Guidance — if no working is shown
(calculator) and the roots are correct for their quadratic, allow M1)

9+.57
12

A1l: Correct value with the other solution rejected (accept rejection by omission) so x =

scores A0 unless the positive root is rejected
Alternative for first 2 marks of (b)
M1: Adopts a correct strategy by expressing tanh in terms of exponentials
M1: Demonstrates the use of the power law of logs to obtain an equation with logs removed
correctly
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Q6.

Solves the quadratic equation for cosh® x
eg M1 3.1a
(8 cosh® x — 9)(8 cosh® + 1) = 0= cosh’x =...
S {—1 Al | 11b
8 8
3 3
coshx=—V2=x=In|-V2+
4 4
Alternatively 5 ) ; M1 1.1b
coshx = Z\/E = E(ex +e¥) = e —Eﬁex +1=0
2
=>ex=\/§or§=>x=...
1
x= i-Eln 2 Al 2.2a
4)
(4 marks)

Notes:

MI1: Solves the quadratic equation for cosh® xby any valid means. If by calculator accept for
reaching the positive value for cosh® x (negative may be omitted or incorrect) but do not allow for
going directly to a value for cosh x Alternatively score a correct process leading to a value for sinh
2x or its square (Alt 1) or use of correct exponential form for cosh x to form and expand to an

S i 2x
equation in ™ and e~* (Alt 2)

Al: Correct value for cosh® x (1gnore negative or incorrect extra roots.). In Alt 1 score for a correct

value for sinh®2x or sinh 2x. In Alt 2 score for a correct simplified equation in e**.

M1: For a correct method to achieve at least one value for x (from cosh ? x). In the main scheme or
Alt 1. takes positive square root (if appropriate) and uses the correct formula for arcosh x or arsinh x
to find a value for x. (No need to see negative square root rejected.) In Alt 2 it 1s for solving the
quadratic in e¥ and proceeding to find a value for x.

Alternatively uses the exponential definition for cosh x. forms and solves a quadratic for e* leading
to a value for x

A1l: Deduces (both) the correct values for x and no others. Must be in the form specified.

SC Allow MOAOMI1A1 for cases where a calculator was used to get the value for cosh x with no
evidence if a correct method for find both values i1s shown.
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S 64cosh’ x(coshzx—l)—9=0=64cosh2xsinh2x—9=0
o, o, 9 M1 3.1a
=16smh” 2x =9 =smh 2x=E Al 1.1b
Or (8 sinhx coshx — 3)(8sinhxcoshx +3) =0 = sinh2x = i%
ke fhapeipl A [ -
sinh2x=+ . = x 3 In [i ~ + e + 1| (or use exponentials, or M1 L1b
proceed via cosh4x)
1
x= iiln 2 Al 2.2a
()]
i & S 2
Alt2 e*+e™™ e*t+e™ _
54(—2 ) ‘64(—2 ) A=A Ml |3.1la
4™ +4e™+6+4e ¥ +e ™) —16(e* +24+e)-9=0
4e** —17+4e ¥ =0 Al 1.1b
(“Ae* - 1)1 —4e™¥™)=02e¥=..2x=.. M1 1.1b
x= i%lnz Al 22a
4
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Q7.

@) | Using axsinha=%ln3 ;
2 ——
i ln(a+«/a +1)—21n3 Hi is
e gl
o=
2
Vg 1 a+Jat+1=43
B JPa=B- Ml | Llb
a= - a*+1=\3-a
- A +1=3-20PBa+a’*=>a=..
2 .. Al |22a
3 3
3)
®) 3 o?
Volume = zj: sinh® y dy B1 25
2
e’—e” e —24+e¥
/s dy={r —|d
(552 ot (222
M1 3.1a
or
{”}flcosth—ldy
2 2
e
dM1 1.1b
ox Al 1.1b
1
Zsinh2y——
45 Yy 2)’
Use limits y =0 and y=%ln3 and subtracts the correct way round M1 1.1b
(4
:(;—hﬂ) or exact equivalent Al 1.1b
(6)
(9 marks)
Notes:
@
B1: Recalls the definition for sinh[%ln3]or forms an equation for arcsinh x
M1: Uses logarithms to find a value for & or forms and solves a correct equation without log
A1: Deduces the correct exact value for &
Note using the result
2
af | ] 1 || o [ =B Lin3 et asah{ -] ~L1n3
BoWE N E 2 o2
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Q8.

B1 for substituting i « into arcsinhx, M1 for rearranging to show?lz-ln3 . Al for conclusion

(b)

B1: Correct expression for the volume ”J.O%M sinh® y dy requires integration signs, dy and correct
M1: Uses the exponential formula for sinh y or the identity cosh 2y =+1+2 sinh? ¥ to
write 1n a form which can be integrated at least one term

dM1: Dependent of previous method mark, integrates.
Al: Correct integration.

M1: Correct use of the limits y =0 and y=—;—ln3

Al: Correct exact volume.

(@) J- {d dx — If(u) du

vai -1 Ml | 3la
Uses the substitution x =coshu fully to achieve an integral in terms
of u only, including replacing the dx

cosh’ u .

————sinhu (du) Al | 1.1b

\/ cosh™u—1
Uses correct identities

cosh? u —1=sinh® « and cosh 2« = 2cosh? u —1
to achieve an integral of the form M1 3.1a
A_[(cosh2uil)du A=0
: (% 1 .
Integrates to achieve 4 Iismh 2uztu |(+c) A>0 Ml 1.1b
Uses the identity sinh 2u =2sinhucoshu and cosh? 2 —1 = sinh? u
. - M1 21

—>sinh2u = 2x\/x' -1
%[x\/xz—l+arcoshx]+k*cso Al* | 1.1b

6
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1) Uses integration by parts the correct way around to achieve

”
dx

M1 21

J% x arcoshxdx = Px’arcoshx — QJ

ad dx] Al [ 11b
-1

= i‘ lxzarcoshx—l

151 2
=%‘ %xlarcoshx—%[ %[x\/xl 1 +amoshxi”fJ Bift 222

Uses the limits x =1 and x = 3 the correct way around and subtracts

_li =(3) arcosh3——{ [3 !{3)2 —1+arcosh3]\”—%(o) dM1 | 1.1b

[ “In(3+ J‘)-i—lm(s J’)'

Al* 1.1b
= %[17111(3@\/5)_6\/5]*
(3)
(11 marks)
Notes:
(@)

M1: Uses the substitution x =coshu fully to achieve an integral in terms of « only. Must have
replaced the dx but allow if the du 1s missing.

Al: Correct integral in terms of «. (Allow if the du 1s missing.)

M1: Uses correct identities cosh®« 1= sinh®« and cosh 2u = 2cosh®« 1 to achieve an
integrand of the required form

M1: Integrates to achieve the correct form. may be sign errors.

M1: Uses the identities sinh2u =2sinhucoshu and cosh® u —1 = sinh? u to attempt to find

sinh2 # in terms of x. If using exponentials there must be a full and complete method to attempt the
correct form.

Al7: Achieves the printed answer with no errors seen, cso
NB attempts at integration by parts are not likely to make progress — to do so would need to split the

integrand as x . If you see any attempts that you feel merit credit. use review.

(b)

M1: Uses integration by parts the correct way around to achieve the required form.

Al: Correct integration by parts

B1ft: Deduces the integral by using the result from part (a). Follow through on their ‘v’

dM1: Dependent on previous method mark. Uses the limits x = 1 and x = 3 the correct way around
and subtracts

Al*cso: Achieves the printed answer with at least one intermediate step showing the evaluation of
the arcosh 3. and no errors seen.
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Q9.
O@ [TF . s .
® Because the interval being integrated over 1s unbounded. Bl 12
® cosh x 1s undefined at the limit of ®© g
® the upper limit 1s infinite
(1)
= oo X g t1 o
1 - : o X X
(@ (b) .[o cosh x dx tlim;focoshxdxorizgfoz(e + e™)dx Bl 25
o
[ coshx dx= [sinhx]; =sinht (—0)or
Jo
lfxe'+e-x dx=l[ex—e-x]t =l[e'—e-'] [—l[eo—eol] i e
2J0 2 ;2 2
When t — o e’ — wand e * — 0 therefore the integral 1s divergent Al 24
(3)
(ii) 4sinhx=pcoshx=>tanhx=%or4tanhx=p
Alternative
4
E(ear —e¥) = g(ex_l_ e™*) = 4e* — 4™ = pe* + pe* Ml 3.1a
2x - 2 _PtH4
4—p)=pt+aeX="_
e=(4—p)=pta=e T
P
{—1<Z<1=>}—4<p<4 Al 22a
(2)
(6 marks)
(1)(a)
B1: For a suitable explanation. Technically this should refer to the interval being unbounded. but this
1s unlikely to be seen. Accept “Because the upper limit is infinity”, but not “because it 1s infinity™
without reference to what “1t” 1s. Do not accept “the upper limit tends to infinity” or “the integral 1s
unbounded™.
(1) (b)
B1: Writes the integral in terms of a limit as t — o0 (or other variable) with limits 0 and “t”, or
implies the integral 1s a limit by subsequent working by correct language.
M1: Integrates coshx correctly either as sinh x or in terms of exponentials and applies correctly the
limits of 0 and “#”. The bottom limit zero may be implied. No need for the gim for this mark but
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substitution of o 1s MO.
Al: cso States that (as t — ) sinht — 0 or e’ — ooand e™¢ — 0 therefore divergent (or not
convergent). or equivalent working. Accept sinh 71s undefinedast = »
(i)
M1: Divides through by coshx to find an expression involving tanh x
Alterative: uses the correct exponential definitions and finds an expression for e2* or solves a
quadratic in e>*
Al: Deduces the correct inequality for p. Note |p| < 4 1s a correct mnequality for p.






