Ch.5 Polar Coordinates

Polar Coordinates

Questions
Q1.

_JTI
=751
=2 |

0 N » Initial line

Figure 1
The curve C shown in Figure 1 has polar equation
r=4+cos26 05;9::2_1%
9
At the point A on C, the value of ris 2
The point N lies on the initial line and AN is perpendicular to the initial line.

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the initial line and
the line AN.

Find the exact area of the shaded region R, giving your answer in the form pmr + q‘ﬁ where
p and g are rational numbers to be found.

(Total for question = 9 marks)
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Q2.

4
n\ (0] / Initial line

Figure 1

Figure 1 shows a sketch of a curve with polar equation
r==6 + asiné
where0<a<6and0<6<2mr

97r

The area enclosed by the curve is 2

Find the value of the constant a.

(Total for question = 8 marks)
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Q3.

» Initial line

Figure 1

Figure 1 shows a sketch of the curve C with equation

IN\
D
N
b.alkl

r=1+tané 0

Figure 1 also shows the tangent to C at the point A.
This tangent is perpendicular to the initial line.

> z)
(a) Use differentiation to prove that the polar coordinates of A are ( 4

The finite region R, shown shaded in Figure 1, is bounded by C, the tangent at A and the
initial line.

1
(b) Use calculus to show that the exact area of Ris 2 (1 —In2)

(Total for question = 10 marks)
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Q4.

v

<4 1:2m
A B

Diagram not
to scale

Figure 1
Figure 1 shows the design for a table top in the shape of a rectangle ABCD. The length
of the table, AB, is 1.2 m. The area inside the closed curve is made of glass and the
surrounding area, shown shaded in Figure 1, is made of wood.
The perimeter of the glass is modelled by the curve with polar equation
=04+ acos26 0<0<2m
where a is a constant.

(@ Showthata=0.2
Hence, given that AD = 60 cm,

(b) find the area of the wooden part of the table top, giving your answer in m? to 3
significant figures.

(Total for question = 10 marks)
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Q5.

.
>

o Initial line

Figure 1

Figure 1 shows a sketch of two curves C; and C with polar equations

C;:r=(1+sinf) 0<b< 2

C,: r=3(1 —sinb) 0<80< 2z

2

The region R lies inside C1 and outside C; and is shown shaded in Figure 1.

Show that the area of R is
p\/g —qgn

where p and g are integers to be determined.

(Total for question = 9 marks)
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Q6.

(@ () Show on an Argand diagram the locus of points given by the values of z satisfying
lz—4-3i|=5

Taking the initial line as the positive real axis with the pole at the origin and given that 6 € [a,
a+m,

where a = —arctan (3),
(i) show that this locus of points can be represented by the polar curve with equation

r=8cos 6+6sin 6

The set of points A is defined by

‘ T :
A:-‘::Oiax‘g:i—*-r‘x-(:: z—4-3i|=5!
{ L J

X g 3

(b) () Show, by shading on your Argand diagram, the set of points A.

(i) Find the exact area of the region defined by A, giving your answer in simplest form.

(Total for question = 13 marks)



Ch.5 Polar Coordinates

Mark Scheme — Polar Coordinates

Q1.

4+cos29=%:>9=... Ml 3.1a
a=2 Al 1.1b
6
%I(4+c0529)2d9=%j(16+8cos26—.-cos2 26)de Ml 3.1a
cad2g—t et casan s gt [[ 1655 BEoR20'% L 4 0K 4D Jd@ Ml 3.1a
2" 2 2 22 ’
49 g
=—[169+4s 26+ “‘8 J Al 1.1b
1 33;
Using limits 0 and their Z { B 2\/- £—(O)J M1 1.1b
1 1 81 1 43
Area of triangle = —(rcos8)(rsinf)=— —><—x£ Ml 3.1a
2 2 4.2 2
3
Areaof R= 33”‘*’ 3\/3_81\/3 M1 L1b
24 32 32
=—;r—%fp=l—l, q——i) Al 1.1b
8 2\ 8 2
(9 marks)
Notes:
MI1: Realises the angle for A is required and attempts to find 1t.
Al:  Correct angle
M1: Uses a cormrect area formula and squares 7 to achieve a 3TQ integrand in cos 26
MI1: Use of the correct double angle identity on the integrand to achieve a suitable form for integration
Al: Correct integration
MI1: Correct use of limits
M1: Identifies the need to subtract the area of a triangle and so finds the area of the triangle
M1l: Complete method for the area of R
Al: Correct final answer
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Q2.

Question
Number

Scheme

Notes

Marks

r=06+asin

8

.4=%_“ (6+asing) dé

Use of %J.r: (d6) Limits not needed.

Can be gained if % appears later

B1

(6+asin6) =36+12asin6+a’

sin” &

=36+12asmb+a’ 1

(6«‘-asinf9)2

—c0s26)

\
|
]
!

/

M1: Squares

(36+ksin’ 8. where k =a” ora as
min) and attempts to change :sin® &
to an expression i cos26

Al: Correct expression

MI1A1

\

1o | =

{
\ &

||736«9—120c050+£0—£sm20
2y 4 |

dM1: Attempt to integrate
1.
cos26 — t;sm 26

Limits not needed

Al: Correct integration limits not
needed

dM1Al

Ta*
=36m+—

Correct area obtained from correct
integration and correct limits. No
need to simplify but trig functions
must be evaluated.

Al

ra® 977

36T +—=—-=a=..
2

2

: 917
Set their area = == and attempt to

solve for a (depen:is on both M
marks above)

If % omitted from the mnitial formula

and area set = 977, give the B1 by
implication as well as this mark.

ddn1

caoand cso a=%50ra=-5 scores
A0

Alcso

Total 8

Alternatives: Splitting the area and so using 2 integrals with different limits.

Marks the same as the main scheme.

Limits 0 to 7 (area above imitial line) and limuts 7 to 27 (area below initial line) and

add the two results.

[ =]

i T 3T :
Limits 0 to % and — to 27 Twice the sum of the results needed.
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Q3.

(a)

x=rcos@ = (1+tanf)cosB = cosf + sinb
=cosf +tanbcos b

%= a(l+tan@)sin@ +Bsec’Bcosf or & asin@ +

a8
Bcos@

dx
—=asin@ + Bsec’BcosO + Stan B sinf

M1

3.1a

dé
l;—";=—(1+tan9)sin9 +sec?Bcosf or %=—sin6+
cos @

dx d.
d—9=—sin0+se¢:20cosa—tanesineord—;—=—sin9+

secB —tan @ sinf

Al

1.1b

For example

d
{£=}—sin0+cose=0=>tan6=1=>0

d

{d—;=}—sin0+cos6 =0=>sinf =cosf =0 =...
dx : s
{d—e—=}—sm9+cose —ﬁcos(ﬂ-}—z) =0 =...

or

dx
{——}—(1+tan6)sin0+sec29cose =0

de
sin @ 1 d 0 1 —sin%8
= = — g7 —_——
cos@ cos@ spvtek cos @
= —sinB+cosf=0=2>tanf=1=0 =..

or

= —sinf —

{dx—} in@ —tanBsin @ + sec6 = 0
de— sin an o sin sec =

1
=——2—sin26—sin29+1=0=>sin29+25in29—1=1

T
=sin20—c0529=1=>\/§sin(20—z)=1=>9=...

or

{Z—; =} — sin (%) + cos (g) =0
(5=}~ (v eon () sn () +sec* () ees () -
e ) R ol R 4 B R

dM1

3.1a

r=1+tan (%) = 2 therefore A4 (2, %)*

Al*

C))

Area bounded by the curve = %f(l + tan 8)? {d6}

M1

3.1a
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(b)

1
=—2-f(1+2tan9+tan26) {d6}

=%f(1+ztano + [sec? 8 —1]) {d6} =...

%[2 In|sec 8| + tan 0] or In|sec 8| + %tan 6 or —lIncos@ +

1_ Al | 11b
stan or = —[—2 In|cos | + tan 8]
1
g [2 In Isec ( )| + tan( )] - -2-[2 In|sec(0)| + tan(0)]
= (ln Isec (—)I +—tan (E)) — (lnlsec ol + ltan 0) dM1 1.1b
4 2 4 2
1k
{= InV2 + 5}
: dagea d L o g O =
Area of triangle = zxy 2(2005 4) (25m4) {2 X V2 X2
1
M1 1.1b
The equation of the tangent is 7 = V2 sec @ then applies
Area bounded of triangle = 5 [¥(VZ sec 6)? {d6)
Finds the required area = area of triangle — area bounded by the curve
1
=1- [zn\/i +—]
. 2 Ml |[31la
May be seen within an integral = Ef(\/isec 6)% {d8}—
1 2
-z-f(l + tan 6)* {d6}
1
—E(l—lnz)*cso Al* 21
(6)
Alternative
Area bounded by the curve = %f(l + tan )% {d6}
=%f(1+2tan0+tan20) {dG}letu=tan9 =$ﬂ=sec29 M1 3.1a
Q 1+ 2u+u) lg
Leadingto = —§ ot 1+ =
cadingto = og T B4}, 1+1 g
5 X
—[u+1n(1+u2)] Al 1.1b
21+ 1+ (1)?) - 0+ In1)] or [(tan( )+ (1+
tan (I))) — (tan(0) + In(1 + tanz(O)))] dM1 1.1
{— 1l 2+ 1}
B M
: 1 1 n oY o L R
Areaoftnangle—Exy—E(ansz)(Zsmz) —...{Zxﬁx V2= MI L1b

1
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Finds the required area = area of triangle — area bounded by the curve
1 M1 31
=1- [ln \/5 + E] *
1
—5(1—ln2)"‘ Al* 21
(6)
(10 marks)
Notes:
Notes:
(a)

M1: Substitutes the equation of C into x = r cos fand differentiates to the required form
Al: Fully correct differentiation

< - o . s s
dM1: Dependent on previous method mark. Sets their £ = 0 and uses correct trig identities to find
3 2 £ ood
a value for 8. Alternatively substitutes 8 = % into their d_; and shows equals 0.

Al7: Shows that 7 = 2 and hence the polar coordinates (2, ;) from correct working

(b)

M1: Applies area = % i) r2 6 d6, multiplies out. uses the identity +1 + tan? 8 = sec? fto get into
an integrable form and integrates. Condone missing d6. limits are not required for this mark

Al: Correct integration. Note may include 6 — 6 if the one’s were not cancelled earlier.

dM1: Dependent on the first method mark. Applies the limits of 8 = 0 and 6 = gand subtracts the
correct way round. Since substitution of the limit & = 0is 0 so may be implied

M1: Correct method to find the area of triangle seen. This may be minimal but area = 1 only 1s MO,
they need to show some method.

M1: Finds the required area = area of triangle — area bounded by the curve

Al7: Correct answer, with no errors or omissions. cso

Alternative

MI1: Applies area = % ] r2 8 d6, multiplies out. uses the substitution u = tan 8 to get into an
integrable form and integrates. Limits are not required for this mark

Al: Correct integration

dM]1: Dependent on the first method mark. Applies the limits of # = 0 and # = 1 or substitutes back
using u = tan 8 and uses the limits § = 0 and 8 = %and subtracts the correct way round. Since
substitution of the limit 8 = 01s 0 so may be implied

M1: Correct method to find the area of triangle

M1: Finds the required area = area of triangle — area bounded by the curve

Al7: Correct answer. with no errors or omissions. cso
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Q4.
Question Scheme Marks | AOs
(@@ 2(04+a)=12 or 04+a=0.6 or 0.4+acos0=0.6
M1 34
=a=..
a=02*cso Al* 1.1b
)
®) Area of rectangle is 1.2x0.6(=0.72) Bl 1.1b
1 2
Area enclosed by curve = EJ‘ (0.4+0.2cos28) (d8) M1 3.1a
(0.4+0.2¢cos 28)2 =0.16+0.16c0s26+0.04cos’ 26
{ M1 2:1
= O.16—O.16cos20+O.O4LM)
%J. (0.4+02cos26)’ d6 =%[0.189+0.085in 26+0.005sin 46 (+c) |
=0.096+0.04s1n 26 +0.0025s51n 48 (+¢ ) o.e. s || W
Area enclosed by curve = [0.099 +0.0451n 26 +0.0025sin 4{9](2))r
or
Area enclosed by curve = 2[0.096 +0.04sin 26 +0.0025sin 4(9]’0r dM1 | 3.a
or
Area enclosed by curve = 4[0.096+0.04sin 26 +0.0025sin 49]:4
=i/r or 0.187(=0.5654...) Al 1.1b
50 '
Area of wood =1.2x0.6—-0.187 M1 1.1b
=awrt 0.155 (m?) Al 1.1b
(8)

(10 marks)
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Notes

(@

M1: Interprets the information from the model and realises that the maximum value of r gives
half the length of the table top (or equivalent) and solves to find a value for a. Use

) =0 and 7 =0.6 or =7 and r = —0.6to find a value for a.

Using =27 1s MO

A1*: Correct value fora.

Alternative

M1: Uses a = 0.2 and # = Oto find a value for r

Al: Finds r = 0.6 and concludes that a = 0.2

®)
B1:1.2 x 0.6 or 0.72

M1: A correct strategy 1dentified for finding an area enclosed by the polar curve using a correct

formula with 7 substituted. Attempt at area = %J‘ (0.4+0.2cos ?.6)2 dé=..

Look for = 2 x%I (0.4+0.2c0s26) d6=...

If the % 1s not explicitly seen then look at the limits and it must be either

=I (0.4+0.2c0s268) df=... or = 2J‘3(0.4+0.2c0529)2 dé=...
0

[}
Condone missing d&

: 2 +1+cos48 : o
M1: Squares to achieve three terms and uses cos™ 28 = Tto obtain an expression in an

integrable form.

Alft: Correct follow through integration as long as the previous two method marks have been
awarded.

dM1: Dependent of first method mark. Finds the required area enclosed by the curve using the
correct limits.

2x 5
There are only three cases either % (0.4+0.2cos 26’)2 dé or J‘ (0.4+0.2cos ?.6’)2 dé or
0

0

x

2}3(0.4+ 020526 d6

0
The use of the limit 0 can be implied if it gives 0 but the use of 0 must been seen or implied if it
does not result in 0 (just writing 0 is insufficient)

A1: Correct area of the glass following fully correct working. Do not award for the correct
answer following incorrect working.

M1: Subtracts their area of the glass from their area of the rectangle, as long as it does not give a
negative area

Al: awrt 0.155 or awrt 0.155m’ (If the units are stated they must be correct)

Note: Using a calculator to find the area scores a maximum of BIMOMOAOMOAOM1A1
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Q5.

Question Scheme Marks AOs
; g s 1
3(1—sm8)=1+sm€:>sm9=;D(9=... M1 3.1a
T Sr)
9=—lor— Al 1.1b
6\ 6)
1 . 2 Lee . 2
Useof—J‘(l—smﬁ) dé or 5'[{31_1—51118)} dé M1 1.1a
1
Elj((l smd) 01~ sma)}w
:%,‘J‘[ +2sinf+sin” 6—9+18sin & —9sin’ Q}de
M1 2.1
oL Al 1.1b
J{l—sh10)3 d@:J.(_1+_’sin(9+sin:0)d9 and
J9(1—sn19)3d9=9-[(1—:sme+smfe)d9
T 1 :
Ism'0d6=—j(l—cos2d)d6:
2 Ml | 3.la
. 2 . 2 . Al 1.1b
H(Hsme) ~9(1-sin6)’ |d6 =25in26-126~20c0s8
1 * s 2 . 27]
A=;J‘ [(1+sm9> ~9(1-sin6)’ |de
or
1 (* , - DM1 | 3.1a
A=2:~17I [{1+sin€]'—9(l—sint9)~ gdé’
=%{1}—\/3—10,”10\/3)—16—2,7—106)}=...
=93-4r Al | 11b
©®)

(9 marks)
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Notes

M1: Realises that the angles at the intersection are required and solves C1 = C2 to obtain a value
for 8

Al: Correct value for 8. Must be in radians — if given in degrees you may need to check later to
see 1f they convert to radians before substitution.

M1: Evidence selecting the correct polar area formula on either curve

M1: Fully expands both expressions for 7 either as parts of separate integrals or as one complete
mtegral. (Can be scored from incorrect polar area formula, e.g. missing the %)

Al: Correct expansions for both curves (may be unsimplified)

M1: Selects the correct strategy by applying the correct double angle identity in order to reach an
mtegrable form and attempting the integration of at least one of the curves.

Al: Correct integration (of both integrals if done separately),

FYT: If done separately the correct integrals are

:=i6—2c059—lsi1126 and
2 4

/

J.(1+sma)2 db":b”—ZcosH—%f (9—%si112(9

2 { ’ ) 2 .
J.Q(l—sin(?)' d8=96+18c059+%{ 9—%su129 ="—39+180056—§su129

DM1: Depends on all previous M’s. For a fully correct strategy with appropriate limits correctly
applied to their integral or integrals and terms combined 1f necessary. Make sure that if limits of

% and % are used that the area 1s doubled as part of the strategy.

Al: Correct area

Q6.
Question Scheme Marks | AOs
(@)@
M1 1.1b
Re Al | 11b
(@)t |z—4-3i|=5= |x+iy—4-3i|=5= (x—4) +(y-3) =... M1 | 21
('x—-”f)2 +(_v—3): =25 orany correct form Al 1.1b
(1‘(‘059—4)2 +(rsint9—3): =25
=72 cos’ 8—8rcos@+16+1*sin* —6rsinf+9 =25 M1 2.1
=7’ —8rcos@—6rsind =0
s r=8cos@+6sma* Al* 2.2a
(6)
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) ot
Bl | 1.1b
- Blft | 1.1b
Re
b) (i : 2
®XD A==[ 1*d6~ 2 (8cos6+6sin6)’ 46
2 2
) M1 3.1a
=;f (64cos’ 6+96sinFcosF+36sin’ 6)dE
=%|~ (Sl(cos26+1)+965i116c056+18(1—cos20))d9 M1 1.1b
%J’ (14c0s26+50+48sin 26) d6 A1 | 1L1b
—l[7sin29+506—24005249]§=l{[£+50—”+12]—(—24)} M1 2.1
2 2|l 2 3
W3 25m e Al | L1b
4 " 3
@)
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oN_ _7B

Alternative:
Candidates may take a geometric approach
E.g. by finding sector + 2 triangles

2 22
Angle ACB = (“—:Jso area sector ACB = %(5) %
) - M1 3.1a
Area of triangle OCB =%x8x3
3 257w
Sector area ACB + triangle area OCB = T+ 12 Al 1.1b
Area of triangle OAC:
2; 52 +S2 _q2
Angle ACO = St T e FTH B
3 2x5x5 M1 1.1b

2 . -7
so area OAC = %(5) sultﬂ—cos'l(—JJ

3 : 5))
25 7 7 2 7

=-_"[[J]+l 1_(;J }=i+6 ML | 21
2|50 J72{ \25 4

25 73
Total area = ”+lx8x3+6+ J;
3 2 4
> T )
_ I3, 2R g Al | 1.1b

(13 marks)
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Notes
(@@
M1: Draws a circle which passes through the origin
Al: Fully correct diagram.
(a)@)
M1: Uses z = x + 1y in the given equation and uses modulus to find equation in x and y only
A1l: Correct equation in terms of x and y in any form — may be in terms of 7 and &

M1: Introduces polar form, expands and uses cos” 8 +sin> 8 =1leading to a polar equation
A1%*: Deduces the given equation (1gnore any reference to 7 = 0 which gives a point on the curve)

(d)®)

B1: Correct pair of rays added to their diagram

B1ft: Area between their pair of rays and inside their circle from (a) shaded, as long as there 1s an
intersection.

(b))

M1: Selects an appropriate method by linking the diagram to the polar curve in (a), evidenced by use
of the polar area formula

M1: Uses double angle 1dentities

Al: Correct integral

M1: Integrates and applies limits

A1l: Correct area

(b)(11) Alternative:

M1: Selects an appropriate method by finding angle ACB and area of sector ACB and finds area of
triangle OCB to make progress towards finding the required area

Al: Correct combined area of sector ACB + triangle OCB

Ma1: Starts the process of finding the area of triangle OAC by calculating angle 4ACO and attempts
area of triangle OAC

M1: Uses the addition formula to find the exact area of triangle OAC and employs a full correct
method to find the area of the shaded region

A1l: Correct area






