Ch.4 Roots of Polynomials

Roots of Polynomials

Questions
Q1.

The cubic equation
z28-3z22+z+5=0
has roots a, 8 and y.
Without solving the equation, find the cubic equation whose roots are (2a + 1), (2 8+ 1) and

(2y + 1), giving your answer in the form w® + pw? + qw + r = 0, where p, g and r are integers
to be found.

(Total for question =5 marks)

Q2.

The cubic equation
3 +x2-4x+1=0
has roots @- f- and y.

Without solving the cubic equation,

I: E 1
s

(a) determine the value of *

}

11 I
—, —and —.
(b) find a cubic equation that has roots ¢ / Y giving your answer in the form

x® + ax? + bx + ¢ = 0, where a, b and c are integers to be determined.

(Total for question = 6 marks)
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Q3.

The cubic equation
x3+3x2-8x+6=0
has roots a, 8 and .
Without solving the equation, find the cubic equation whose roots are (a—1), (8—1) and (y

— 1), giving your answer in the form w2 + pw? + qw + r = 0, where p, g and r are integers to
be found.

(Total for question =5 marks)

Q4.

The cubic equation
2x3+6x2-3x+12=0
has roots a, 8 and y.
Without solving the equation, find the cubic equation whose roots are (a + 3), (8 + 3)

and (y + 3), giving your answer in the form pw? + qw? + rw + s =0, where p, g, rand s
are integers to be found.

(Total for question =5 marks)
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Q5.

The cubic equation
9%’ —5x* +4x+7=0

has roots a, 8 and y.
Without solving the equation, find the cubic equation whose roots are (3a — 2), (38 - 2) and

(3y — 2), giving your answer in the form aw?® + bw? + cw + d = 0, where a, b, c and d are
integers to be determined.

(Total for question =5 marks)

Q6.

The roots of the quartic equation
Xt +5x3-7x+6=0
area, B,yand o
Making your method clear and without solving the equation, determine the exact value of

() @+ B4y + &

2: 2
-+ —+

(i) @ p

9
< | N
-
| N

(i) B-a)@B-p)B-y(EB-9)

(Total for question = 9 marks)
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Mark Scheme — Roots of Polynomials

Q1.

Question Scheme Marks AOs
w—1
w=2z+1=>z= 5 B1 3.1a
["’_IJ —3("'_1] +(W—1J+5=o Ml | 3.1a
. 2 2 2
l(w3 -3’ +3w—1)—i(w: —2\|'+1)+L_1+5 =0
8 B 2
M1 1.1b
W —9n +19w+29=0 Al 1.1b
Al 1.1b
)
ALT1 a+pB+y=3.af+py+ay=lafy=-5 Bl | 3.la
New sum = 2(a+B+y)+3=9
New pair sum = 4(af + By +ya)+4(a+f+y)+3=19 M1 3.1a
New product = 8afy +4(af + Py +ya)+2(a+f+y)+1=-29
Ml 1.1b
W —9u? +19w+29=0 Al 1.1b
Al 1.1b
S)

(5 marks)

Notes

w—1

B1: Selects the method of making a connection between z and w by writing - —
2

M1: Applies the process of substituting their - = “:1 into z> =3z +z+5=0

(Allowz=2w+1)
M1: Manipulates their equation into the form W+ pw: +gw+r(=0)having substituted their z in

terms of w. Note that the “= 0" can be missing for this mark.

Al: At least two of p, g, r correct. Note that the “= 0" can be missing for this mark.

Al: Fully correct equation including “= 07

The first 4 marks are available if another letter 1s used instead of w but the final answer must be
in terms of w.

ALTI1

B1: Selects the method of giving three correct equations containing o, f and y

M1: Applies the process of finding the new sum, new pair sum, new product

M1: Appliesw’ —(new sum)w’ +(new pairsum ) w—(new product (= 0)

or 1dentifies p as —(new sum) ¢ as (new pair sum) and 7 as —(new product)

Al: At least two of p, ¢, r correct.

Al: Fully correct equation including “= 0~

The first 4 marks are available if another letter is used instead of w but the final answer must be
i terms of w.
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Q2.
Question Scheme Marks | AOs
(@) aBy= —% andaB+ay+8y= —% Bl 3.1a
- .
1 1 1 By+ay+af /3
e e iR = _ M1 1.1b
a B 7 afBy B
/3
=4 Al 1.1b
©)
1
(b) {a+3-‘r’}=——}
3
1 1 1 1 1
New product=—x—x—=——=——=_(-3
pr X5y e Y (=3) Ml | 3la
PRI N
New pair sum—+—+—=———=—"25=_(1)
al By an afBy - 1_-3
% —(pan (a))x* +(new pair sum ) x —(new product ) (=0) Ml 1.1b
¥ —4x’ +x+3=0 Al 1.1b
(3)
Alternative
e.g.:=l .%—L,—i-H:O B S
X X X X
¥ oy pgag M1 1.1b
AR Al | 11b
3
(6 marks)
Notes:
(a)

B1: Correct values for the product and pair sum of the roots

1 1 ) . .
M1: A complete method to find the sum of —+—+—. Must substitute in their values of the

L v
product and pair sum
Al: correct value 4

Note: If candidate does not divide by 3 so that a3y =—1 anda3 +a~y + 3y = —4 the maximum

they can score 1s BO M1 A0

(b)

M1: A correct method to find the value of the new pair sum and the value of the new product

M1: Applies x° —(part (a))x” + their new pair sum)x — (their new product) (= 0)

Al: Fully correct equation. in any variable. mncluding =0

(b) Alternative

M1: Realises the connection between the roots and substitutes into the cubic equation

M1: Manipulates their equation into the form x Lax’ +bx+c=0
Al: Fully correct equation in any vanable, including =0
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Q3.
Question Scheme Marks | AOs
{w:x—l:>}x=w+l Bl 3.1a
(w+1P +3(w+1)* -8(w+1)+6=0 M1 3.1a
W+3wW 43w+ 14 3(w +2w+1)-8w—-8+6=0
M1 1.1b
W+6W +w+2=0 Al 1.1b
Al 1.1b
(&)
ALT1 a+f+y=-3,af+Byr+ayr=-8,afy=-6 Bl 3.1a
sumroots= @ -1+ f-1+y -1
=a+pf+y-3=-3-3=-6
pairsum = (¢—1)(8-1) + (a=1y-1) + (B-1(y-1)
=af+ay+ Py —2a+pf+y)+3
=82 3)+3=1 ME | 2
product = (¢ -1} -1D(y - 1)
= afy —(af+ay + fy)+(a+p+y) -1
=—-6-(-8-3-1=-2
M1 1.1b
W+6W+w+2=0 Al 1.1b
Al 1.1b
3
(5 marks)

Question Notes

Bl Selects the method of making a connection between x and w by writing x = w+1
M1 Applies the process of substituting their x = w+1 into x> +3x*—8x+6=0

M1 Depends on previous M mark. Manipulating their equation into the form

W+ pw +qw+r=0

Al At least two of p. g. - are correct.

Al Correct final equation.

AILT1 Bl Selects the method of giving three correct equations each containing &, § and 7.
M1 Applies the process of finding sum roots, pair sum and product.

Ml Depends on previous M mark. Applies

W’ — (their sum roots)w’ +(their pair sum)w — their @8y = 0

Al At least two of p. g. - are correct.

Al Correct final equation.
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Q4.

Question Scheme Marks | AOs
fw=x+3=}x=w-3 B1 3.1a
2(w=3)’ +6(w—3)" —=3(w—3)+12 (= 0) M1 1.1b
2w —18w” +54w — 54 + 6(w’ —6w+9)—3w+9 +12(=0)

5 " M1 3.1a
P =10wA + 15w+ 21 =
2w 12w +15w+21=0 Al 11b
(Sop=2.g=-12,r=15and s =21) Al 116
B)
[} 3 12
ALT1 a+ﬂ+y=—;=—3.aﬂ+,6*/+a7=—;.aﬂ, =—7=—6 B1 3.1a
sumroots= @ +3+ B +3+y+3
=a+pf+y+9=-3+9=6
parrsum = (@+3)(6+3) + (@ +3)(7+3) + (B +3)(¥+3)
=af +ay+ By +6(a+pB+y) +27
:—%+6x—3+27=173 M1 3.1a
product = (o + 3)(f+3)(y +3)
= afy +3(af +ay + By) +9(a+B+y) + 27
3 , 21
=—6+3x—=+Ix-3+27 =——
2 2
2 N 5 i
P -Gl i _;1) (=0) M1 1.1b
e
2w —12w* +15w+21=0 Al 1.1b
(Sop=2,g=—-12,r=15and s =21) Al 1.1b
(5)
(5 marks)
Notes

Bl Selects the method of making a connection between x and w by writing x = w—3

M1 | Applies the process of substituting their x = aw*5b into 2x° +6x” —3x+12 (= 0)
So accept e.g. if X =% is used.

M1 | Depends on having attempted substituting either x =w—3 or x = w+3 into the
equation. This mark 1s for manipulating their resulting equation into the form
pw +gw’ +rw+s(=0) (p =0). The “=0” may be implied for this.

See note Al At least three of p. g. r and s are correct in an equation with integer coefficients.
(need not have “=07)

Al Correct final equation. including “=0"". Accept integer multiples.

ALT] Bl SeleCts The method OF SIVING hree COITect cqUATIOoNS cach COMAmINg & .  ana 7.

M1 | Applies the process of finding sum roots. pair sum and product.

M1 | Applies w’ —(their sum roots)w’ + (their pair sum)w — (their product) (= 0)
Must be correct identities, but if quoted allow slips in substitution, but the “=0"
may be implied.

See note Al At least three of p. ¢, » and s are correct 1 an equation with integer coefficients.
(need not have “=07)
Al Correct final equation, including “=0". Accept multiples with integer coefficients.

Note: may use another variable than w for the first four marks. but the final equation must be in terms of w

answer.

Notes: Do not isw the final two A marks — if subsequent division by 2 accurs then mark the final
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Q5.
Question Scheme Marks AOs
w+2
w=3x-2=x= 5 Bl 3.1a
§ . S ) ] 7 - ) ’)
9(" ' 2) —5("*‘) +4(“+‘}+7=o Ml | 3.1a
3 3 3
Teow o3 5 3 4
E(“ +6wW +12w+8)—§(w +4w+4)+§(w+2)+7=0
dM1 1.1b
31° +13w” +28w+91=0 Al | L1b
Al 1.1b
Q)
Alternative:
a+ﬂ+/—i aﬂ+,6”/+a‘/—i aﬂ/—_l B1 3.1
/_9* / /’_9‘ ;o 9 -1a
13
Newsmn=3(a+.3+}')_6:_T
3
28
New pair sum = 9(aﬂ+,8}'+ya)—12(a+ﬂ+}')+12:? M1 3.1a
91
New product = 27a,8}/—18(aﬁ+,87+7a)+12(a+ﬂ+7)—8=—?
s 13 & 28 [ 91
oo R et U Wbt ) (St =0
s Ju == | aM1 | 1.1b
I W O Al 1.1b
37 +13w" + 28w+ = Al L1b
©)
(5 marks)
Notes
w+2

B1: Selects the method of making a connection between x and w by writing x = —
>

Condone the use of a different letter than w

w+2

M1: Applies the process of substituting x = ! T_ into 9x> —5x% +4x+7 =0

dM1: Depends on the previous M mark. Manipulates their equation into the form
aw’ +bw’ + cw+d (=0). Condone the use of a different letter then w consistent with B1 mark.

Al: At least two of a, b. ¢, d correct

Al: Fully correct equation, must be in terms of w

Alternative:

B1: Selects the method of giving three correct equations containing a. ff and y

M1: Applies the process of finding the new sum, new pair sum, new product

dM1: Depends on the previous M mark. Applies

W —(new sum)w’ +(new pair sum ) w—(new product)(=0) condone the use of any letter here.

Al: At least two of a, b, ¢, d correct
Al: Fully correct equation in term of w
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Q6.

Question Scheme Marks | AOs.

@ Zai = 2 and Za,-aj =0
3 B1 3.1a

This mark can be awarded if seen 1n part (11) or part (111)

Soa2+52+y3+52=(a+ﬂ+y+5)2—2(Za,-ajJ=... Ml | 11b
B 502 Al | 116
5 9
3)

(i) Zaia.ak =l and I I a,=2 or for x=£ used in equation
! 3 w B1 22a

This mark can be awarded if seen 1n part (1) or part (111)

'7'
a.a.a; =
502(1 L 1 1)=2XZ—J=2xiorfor

—F—t—+—
a By & aBys .6,
3

M1 1.1b

16 8 2 3
3(—4]+5(—]—7(—]+6=0:> 6w’ —14w’ + =0 leading to 1?4

W ? w
7
14) 7
=2xé (:—):; Al 1.1b

W
3

(ii1) (3—a)(3—ﬂ)(3—y)(3—5) =... expands all four brackets
M1 3.1a
Or equation with these roots is 33 —x)" 1 5(3—.1’)3 -7(3-x)+6=0

=81—27(Za,.J+9(Za,.aj)—3(2a,.aja,)+na,.

5 7
=81—27(—§J+9(0)—3(§)+2 s e

Or expands to fourth power and constant terms and attempts product

of roots 3x* + _ +3x3*+5x3°-7x3+6—> I I a-=£

! 3

=121 Al 1.1b

3

(9 marks)

Notes:

(1)

B1: Correct sum and pair sum of roots seen or implied. Must realise the pair sum 1s zero.
Note: These values can be seen anywhere 1n the candidate’s solution

M1: Uses correct expression for the sum of squares.

Al: % Allow this mark from incorrect sign on sum of squares (but they will score B0 if the sign 1s

incorrect).

(i)
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B1: Correct triple sum and product of roots seen or implied. May be stated in (1). Alternatively, this

- 2 e i .
may be scored for sight of x=— used as a transformation in the equation.
w

Note: These values can be seen anywhere in the candidate’s solution

ao e
: : . Lttt sy .
M1: Substitutes their values into 2 XZ— = ... In the altemative 1t 1s for rearranging the
aBys
equation to a quartic in w and uses to find the sum of the roots.

Al: % Allow this mark from incorrect sign of both triple sum and product (but they will score BO

if the sign 1s incorrect).

(iii)

MI1: A correct method to find the value used — may recognise structure as scheme, may expand the
expression in stages. or may attempt to use a linear transformation (3 —x) ore.g. 3 —w) in
original equation. Condone slips as long as the intention 1s clear.

dM1: Dependent on previous method mark. Uses at least 2 values of their sum of roots etc. in their
expression. If using a linear shift this is for expanding to find the coefficient of x* and constant
term and attempts product of roots by dividing the constant term by the coefficient of x*.

Al: 121.






