Ch.4 Inequalities

Inequalities

Questions

Q1.

Use algebra to find the set of values of x for which

(Total for question = 6 marks)

Q2.

Use algebra to find the set of values of x for which

x—-2 12

2(x+2) x(x+ 2)

(Total for question = 9 marks)
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Q3.

A student was set the following problem.

Use algebra to find the set of values of x for which

X |
>
x—24 x+11

The student's attempt at a solution is written below.

x(x = 24)(x + 11)" > (x + 11)(x - 24)

x(x—24)(x + 11)" = (x + 11)(x — 24)’ >0

(x=24)(x + 11)[x(x +11) - x = 24]>0

Line 3
(x = 24)(x + 11)[+* +10x - 24]>0
(x=24)(x+11)(x +12)(x=2)>0
=Mk =1L, £=—~12,5=2
fxeR:-12<x<-11}u{xeR:2< x <24} Line 7

There are errors in the student's solution.

(a) ldentify the error made
(i) inline 3
(i) inline 7

(b) Find a correct solution to this problem.

(Total for question = 6 marks)



Ch.4 Inequalities

Q4.

Use algebra to determine the values of x for which

x+1 . %
>

2x* 4+ 5x=3  dx~1

(Total for question = 5 marks)

Q5.

=V

o

Figure 1
Figure 1 shows a sketch of the curve with equation y = f(x) where

f(x)=

|x| -2

Use algebra to determine the values of x for which

x

|x| -2

2x-5>

(Total for question = 8 marks)
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Q6.
Use algebra to determine the values of x for which

x(x—1)> x—]
X

giving your answer in set notation.

Q7.

Use algebra to find the set of values of x for which

X

I
—<
X x+2

Q8.

Use algebra to find the values of x for which

z

M\

+ | -

=
x-—2x-3 X

()

(Total for question = 6 marks)

(Total for question = 6 marks)

(Total for question = 7 marks)
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Mark Scheme - Inequalities

Q1.

‘Question Scheme Marks | AOs
2 2 >
x='x—+15: 2x°+3x=2x+15=22x"+x-15=0=>x=...
2x+3
Alternative 1:
x+3)'x 2 (2x+3)(2x+15) = 2x+3)(2x* +3x—2x-15) >0 —_
(2x+3)(x+3)(2x-5)=0 - :
Alternative 2;
—9x— Iy —
x_2x+15 50=> x(2x+3)-2x-15 S0 (x+3)(2x-5) >0
2x+3 2x+3 2x+3
5]
= (x+3)(2x-5)=0=CVs are —3. o Al 1.1b
3
Also 2x+3=0=>x=—; aCV Bl 23
Hence from graph (oe) the solution set 1s M1 1.1b
2.2
{xeR:—3<x<—i,x2 2} {x:—3gx<—i,x> i} Al 2
2 2 2 2 Al 2:5
(©6)
(6 marks)

Notes:

3
M1: For a complete method to find the critical values other than —E.

Alternative 1: Multiplies by (2x+3)’. collects terms onto one side and factorises into three brackets.

Alternative 2: Collects terms onto one side and combines into single fraction using a common
denominator and factorises the numerator

Al: Correct critical values —3 and 2

B1: For the critical value —%

M1: Selects the correct regions for their three CV'’s. Should include the right hand side open ended
and another bounded region. CV’s of a < b < ¢ then must be of the forma < x<b. x> cor

a < x<b, x> c the direction of the inequalities must be correct with or without strict inequalities.
Al: At least one correct interval identified. Altematively allow for both intervals with correct end
points but incorrect strict or inclusive inequalities

: : : 3Y: I3
Al: Fully correct solution as a set — accept alternative set notations e.g. [—3,—5] u[;,oo) . but not

just inequalities. Minimum use of set notation —3< X < —3 uxz E

Note: Correct answer with no working scores M0 A0 but can score B1 M1 Al Al
No working shown to factorise a cubic equatione.g.
4x’ +8x* —27x—45=(x+3)(2x+3)(2x~5) is MO A0 but can still score B1 M1 A1 Al

AOQ for —3<x<—ir\x>2 or —3<)r<—3 andx;3
2 2 2 2

Special case: If they have a repeated root final 3 marks M1 Al AOQ 1s possible e.g.
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Q2.

o
QN?EZQ(;? Scheme Notes Marks
x=2 12
2(x+2) " x(x+2)
Question states "Use algebra..." so purely graphical solutions score max 1/9 (the B1).
NB A sketch and some algebra to find CVs or intersection points can score according to
the method used.
Canuse = < or = for the first 6 marks in all methods
x-2 12 _(<0) Collects expressions to one side. M
2(x+2) x(x+2)" -
x'-2x-24 M1: Attempt common denominator
—(=0) < - MIA1
2x(x+2) Al: Correct single fraction
x=0-2 Correct critical values Bl
x*=2x-24 = (x+4)(x—6)(=0)= x = ] Attempt to solve their quadratic as far as Mi
X=..
x=—4 6 Correct critical values. May be seen on a Al
) : sketch. )
M1: Attempt two inequalities using their
4<xy<-2. 0<x<6 4 critical values in ascending order.
S e kit (dep?,ndent on at least one previous M dM1A1l
mark)
Al: All 4 CVs 1n the inequalities correct
4<x<—2 0<x<6 Al:Inequality signs correct
[~4.-2) L (0.6] Set f’lotat:on may be used. U or "or" but | Alcao (9)
not "and
Total 9
Alternative 1: Multiplies both sides by x*(x+2 ):
2 - . ides xx?(x+2) May iply by
B (x=2)(x+2) < 24x(x+2) Both sides xx”(x+2)" May glpltlpl} by
it : ) , . more terms but must be a positive M1
X (x+2)-2x"(x+2)<24x(x+2) e % 2 \2
: > multiplier containing x~ (x+2)
x(x+2)=2x%(x+2)—24x(x +2)(<0) | Ml: Collects expressions to one side
\ ' . - r : MI1A1
Al: Correct inequality
x=0 -2 Correct critical values B1
Attempt to solve their quartic as far as x
x* —28x* —48x(=0) = ... to obtam the other critical values
, \ Can cancel x and solve a cubic or Ml
X(x+2)(x-6)(x+4)(=0)=>x=_.. : )
x and (x+2) and solve a quadratic.
x=—406 Correct critical values Al
M1: Attempt two inequalities using their
4<x<-2 0<x<6 4 critical values in ascending order.
. ! Y
with' < of < thircitiont (dependent on at least one previous M dMI1A1
mark)
Al: All 4 CVs in the inequalities correct
4<x<=2. 0<x<6 Al:Inequality signs correct
Set notation may be used. w or "or"but | Alcao (9)

[-4.-2)w(0.6]

not "and"

Total 9
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Q3.

Alternative 2: using a sketch graph
(probably from calculator)

Draw graphs of

x=2 12

y==
2(x+2)

3 _x(.\'+2)

CVs x=0.-2 (Vertical asymptotes of graphs.) Bl
x=2 12 .
2(‘(_'_2)—\(“_2) Eliminate y M1
x(x=2)=24 1.\11.: thzuus a qugdr:mc equation MiA1
Al: Correct equation
' Attempt to solve their quadratic as far as M
X =2x-24=(x+4)(x-6)=0=x=. |x=_.
CVs x=—4.6 Correct critical values Al
M1: Attempt two inequalities using their
—~4=x<-2, 0<x=6 4 critical values in ascending order. M1
with < or < throughout (dependent on at least one previous M
mark)
i4<r<-0 0<E<6 Al: All4CVs ip the inequalities correct | Al
Al: All mequality signs correct Alcao (9)
NB As above, but with no sketch graph shown:
CVs x =0,-2 must be stated somewhere. Bl
Otherwise no marks available.
Question Scheme Marks | AOs
(a)@d@) Line 3: Allow any of either
e Dbracketing error
e —24 should be 24 in the square brackets Bl 23
e x(x+11)—x—24 should be x(x+11)—(x—-24)
e x(x+11)—x—24 shouldbe x(x+11)—x+24
(a)(i1) Line 7: Allow any of either
e shouldbe {xeR:x<-12 or—11<x<2 or x>24} B1 53
they have found the regions where the inequality 1s <0 -
they have reversed the inequality
(
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(b) (=29 (x+1D[x(x+11) - (x-24)] >0
Wav 1 ; 5 Ml 1.1b
< (x=249)(x+1D[x" +10x+24] >0
(x=-24)(x+1D)(x+6)(x+4)>0
Cntical values x=-11, -6, —4. 24 Al L
eR:x<—1}UfreR:—6<x<—4}U{reR x> 24 L
fxeR:x< uUfxeR:-6<x<—-4}u{xeR:x>24} Al 55
(4)
(b) X 1 x 1 x(x+11)—(x—24)
P > = = >0 = >0
Way2 x—24 x+11 x—24 «x+11 (x—=24)(x+11) M1 L1b
2 ) 2 >
x"+10x+24 Sh =% (.x~}‘—6)(.\+4) 28
(x—=24)(x+11) (x=24)(x+11) Al 1.1b
Crntical values x=-11. -6, —-4.24
(xeR:x<—11} U {xeR:—6<x<—4}U {xeR:x> 24} Iﬁll *f;
4)
(b) Considering x < —11
Way 3 x 5 )
> =S x +1llx>x-24 =>x" +10x+24>0
x—24 x+11
gives x<—6 or x>—4. Hence x<-11 Ml 1.1b
Considering —11<x <24
X sl o illx<x—24 =2 +10x+24<0
x—24 x+11
gives —6<x<—4. Hence -6<x<—4
Considering x > 24 Al L.1b
IS S +1lx>x—24 = x> +10x+24>0
x—24 x+11
gives x<—6 or x>—4. Hence x> 24
Overall, {xeR:x<—11} U {xeR: —6<x<—4}U {xeR:x > 24} IXI] -,)-25"‘
4)

(6 marks)
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Notes for Question
(@)@)
Bl: See scheme
Note: Give B0 for contradictory reasons
(a)(d) | Wavl
Bl: See scheme
Note: Give BO for contradictory reasons
Note: Allow “Shouldbe x<—-12.-11<x<2. x>24"
Naote: Do not allow
e “Shouldbe x<-12 m —-1ll<x<2 N x>24"
e They have found where x <0 and not where x>0
e  “There should be 3 inequalities and not 2 mequalities™
e  “The sign 1s the wrong way around”
(b) Wayv 1
Ml: Uses brackets {to correct the error made on line 3}. forms a 3TQ and uses a comrect method of
solving a 3TQ to give x=_..
Al: All four correct critical values for x
M1: Deduces that the 2 “outsides” and the “middle interval” are required
Al: Exactly 3 correct intervals. Their answer must be given in set notation. Accept equivalent set
notation. E.g. Allow
o {xeR:x<-11 or —6<x<—4 or x> 24}
® {x<-11 or —6<x<—4 or x> 24}
o {x<-11 U -6<x<—-4uUux>24}
o R—([-11.-6]uU[-4.24])
Note: Give final AO for {(xeR:x<-1l}n{xeR:-6<x<—-4}n{xeR:x> 24}
Note: [AllowAlfor {xeR:x<-11.-6<x<—4, x>24}
(h) Way 2
MIl: Gathers terms on one side and puts over a common denominator. Simplifies the numerator to
x(x+11)—(x—24) {and thereby corrects the error made 1n line 3}, forms a 3TQ and uses a
correct method of solving a 3TQ to give x=_..
Al: See Way 1
MIl: See Way 1
Al: See Way 1
(b) Way 3
Mil: Considers each of the intervals x < —11, —11<x <24, x> 24 separately and evaluates which
parts (1f any) of these regions satisfy the oniginal mequality
Al: Obtains a correct mequality statement for each of the intervals x < —11. —11<x <24 x>24
MIl: See Way 1
Al: See Way 1
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Q4.

Question Scheme Marks AOs

x+1 % x
2x*+5x—3 " 4x*—1
2% +3x+1-x"=3x

(2x-1)(2x+1)(x+3) £

M1 2.1
or
(x+l)(2x—l)(2x+1)2(x+3)—x(21‘—1)(2x+1)(x+3)2>0
x 41 . :
— >0 or (x+3)(2x-1)(2x+1)(x* +1)> 0 dM1 | 1.1b
(2x-1)(2x+1)(x+3)
All three critical values —3,—%,% Al 1.1b
I 1 1 dM1 2.2a
XxeR:-3<x<——juixeR:x>—
l 2 2 Al 2:5
O)
(5 marks)

Notes

M1: Gathers terms on one side and puts over a common denominator, or multiplies by

(2x + 1)%(2x — 1)*(x + 3)* and gathers terms on one side

dM1: Expands and simplifies numerator or factorises into 4 factors. Depends on the previous
method mark.

Al: Correct critical values and no “extras” but ignore any attempts to solve x> + 1 = 0 (correct or
otherwise)

dM1: Deduces that 1 “inside™ inequality and 1 “outside™ inequality 1s required with critical values
in ascending order. Depends on the previous method mark.

Al: Exactly 2 correct intervals, accepting equivalent notation

Special Case: Allow M1IMOAOMOAO

x+1 x \ x+1 X s gl x
> > = = > . = >
2x"+5x—3 4x -1 (2x—1)(x+3) (2x-1)(2x+1) (x+3) (2x+1)

= (x:—1)(x-*-3)(2x+1)2 > J:(J:-+-_’>)2 (2x+1) etc.
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Q5.

x x
Ve
=% and for x..0 need 2x—5> =3 Ml 314

and goes on to find the critical values for each.

For x<0 need 2x—5>

b 1

For x..0: 2x-5= =2x"-10x+10=0=> x= ... M1 1.1b

x—

5+5
2

x= (oe) awrt 3.62 and awrt 1.38 Al 1.1b

Forx<0:2x—5= =-2x"+10=0=>x=... M1 1.1b

—x-2

x=—5 only (\/g must be rejected at some stage) Al 23

Uses graph or other means to
identify correct regions.
Asymptotes must have been
considered. but may miss the
region near x = —2

i | Soeg "—5<x<—2"or M1 3.1a

"5—\/§ "

<x<2 or
2

=2 " 5+J-5‘n

x>
2

Inequality holds when —/5 <x<-2 or <x<2orx>

5-5 5+5
2 B

Accept equivalent notation. e.g Alft 2.2a

(—\/5,.—2)U[5—2‘/§,2]U(5+2‘/§,oo) Al | 25

®

(8 marks)

Notes:

M1: Considers the two cases of x < 0 and x...0 to find critical values. Don’t be concerned which

side the x = 0 case 1s considered part of. Allow if “=" used when considering C.V.s. This mark 1s for
the overall strategy. so both cases must be considered. or equivalent complete longer methods.

M1: Correct method for intersection of line and curve for x positive.
545
2

Al: Line and curve intersect at x =

M1: Correct method for intersection of line and curve for x negative.
Al: Line and curve intersect at x = —\E Must have rejected the positive value for this mark (though
may be done later)

M1: Uses the graph (or other method) to identify at least one correct region. which must include
consideration of the vertical asymptotes. Implied by two correct intervals being given for their
critical values. Allow if y =2x—3 1s added to the sketch and at least two (not necessarily correct)

intervals produced as long as the points x =2 are excluded.
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Alft: At least one correct interval identified following through their solutions (as long as it 1s
sensible).

Al: Fully correct solution. all three intervals given — accept alternative notations, may be just listed
(no need for unions shown).

Multiplying both sides by (x- 2) or (|- 2)2 can score a maximum of MO M1 A1 M0 Al M1
Alft AO
MO M1: for multiplying through by (x— 2)2

(2x— 5)(x— 2)2> x(x— 2)

(x— 2)323(- 5)(,\'- 2)— x[-lb 0leading to a value for x
(x— 2)(.‘(2- Sx+ 5)> 0

Al: Line and curve intersect at x =

5+45
2

MOAO: Not finding the point of intersection for negative x

Wil A5 o dithior: wox 5+7‘/§ - 5‘?‘/5 W

A0:
If they multiply through by (- x- 2)2 the other marks can be scored
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Q6.
Question Scheme Marks AOs
x(x-1) > i
%
“(x-1)-x-1
x° (x ) 1
. Ml | 21
or
xs(x—l)—x(x—l)>0
x-1) (x+1 2
w> 0 or x(x_l)'(x+1)> 0 M1 llb
£ &
Critical values 0 and 1 Al 1.1b
All three critical values —1. 0.1 Al 1.1b
i gl T i a . Ml 2.2a
{.\ eR:x< l}u{.x eR:0<x <1}u{.\ ER.x>l} Al 25
(6)
(6 marks)

Notes

M1: Gathers terms on one side and puts over a common denominator, or multiplies by

x> and gathers terms on one side

M1: Factorises numerator into 3 factors or factorises into 4 factors

Al: Identifies the critical values 0 and 1

A1l: All 3 correct critical values

M1: Deduces that 1 “inside” inequality and 2 “outside™ inequalities are required with critical
values in ascending order as shown

Al: Exactly 3 correct intervals using correct notation

Allow e.g. {x:x<-TJu{x:0<x<Pufx:x>1}
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Q7.

Question Scheme Marks | AOs
1 X
— <
x x+2
(+2)—-x" ;
u<0 or x(x+2)—x’(x+2)<0 M1 2.1
x(x+2)
s S x—=2)(x+1
2 F = :w>0 or x(x+2)2-x)(x+1)<0 M1 1.1b
x(x+2) x(x+2)
At least two correct critical values from —2.-1.0.2 Al 1.1b
All four correct critical values —2.—-1.0.2 Al 1.1b
{reR:x<-2}u{xeR:-1< x<0} u{xeR:x> 2} Al 228
Al 2:5
(6)
(6 marks)
Notes
M1

and then gather terms on one side.

: . ; 2 )
Gathers terms on one side and puts over common denominator, or multiply by X (x+2)

Ml Factorise numerator or find roots of numerator or factorise resulting inequation into 4
factors.

Al At least 2 correct critical values found.

Al Exactly 4 correct critical values.

Ml Deduces that the 2 “outsides™ and the “middle interval™ are required. May be by sketch,
number line or any other means.
Al Exactly 3 correct intervals, accept equivalent set notations, but must be given as a set.

E.g.accept R — ([-2, -1] u[o0,2]) or {xeR:x<-2 or -1<x<0 or x>2}.
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Q8.

Question Scheme Marks | AOs

X < 1

r=2%=3 %53

x(x+3)—(x —=2x-3) 6
(x*=2x=-3)(x+3)

e L M1 | 21
x(x=3)x+D(x+3) —(x =3 (x+1)*(x+3) < 0
or
x(x? =2x=3)(x+3) - (x* -2x-3)’(x+3) =0
5x+3 M1 1.1b
{£0} or (x=3)(x+1)(x+3)(5x+3) {<0}
(x=3)(x+3)(x+1) Al 1.1b
All three critical values —3, 3, —1 Bl 1.1b
3
Critical value —g Blft 1.1b
3 M1 22a
{xeR:-3<x<-Ju{xeR:-=<x<3
5 Al 2.5
(€))]
(7 marks)
Notes
MI1: Gathers terms on one side and puts over a common denominator,
or multiplies by (x +1)°(x—3)*(x+3)* (or by the equivalent (x* —2x—-3)*(x+3)°)
and gathers terms onto one side
Mi: Expands and simplifies fully the numerator or takes out a factor of (x—3)(x+1)(x+3)
(or the equivalent (x* —2x—3)(x+3)) and then simplifies fully their remaining factor
5x+3
Al: or (x=-3)(x+1)(x+3)(5x+3
(x=3)(x+3)(x+1) ( ) )
Bl: Correct critical values of —3, 3 and —1 which can be implied, e.g. from their inequalities
BIft: | Correct critical value of o= which can be implied, e g. from their inequalities
Note: | B1ft: You can follow through their fourth factor which 1s in the form (ax+5b), a.b=0
to give C.V. = —2 , if their fourth factor is not any of either (x—3), (x+3) or (x+1)
a
MI1: Deduces that 2 “inside” inequalities are required with critical values in ascending order
Al: Exactly 2 correct intervals, condoning omission of the union symbol
Note: | Also accept, e.g.

e —3<x<-1, —%Sx<3

o 5 =R [—3, 3}

5

3
e —1>x>-3, 3>x2—§
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Notes Continued
Note: | Give 17 A0 for (x* —2x—3)(x+3)(5x+3) {<0} with no other working seen
Note: | Give 1 A1 (implied) for (x* —2x—3)(x+3)(5x+3) {<0} with x=3, x=—1 stated
5x+3
Note: | Give 1** AQ for — < 0 ¢ with no other working seen
wE (x~-2x-3)(x+3){ } a
Nate: | Give 1** Al (implied) for s {<0} with x=3, x=—1 stated
ote: / o < ¥, =
: 2 (2 —2x-3)(x+3)
< S 5x+3 : 3
Note: | Give 1% A0 for =————— { < 0} with no other working seen
X +x -9x-9
< S —_ 5x+3 ;
Note: | Give 1" Al (implied) for ——— { < 0} with x=3, x=-1, x=-3 stated
x +x —9x-9
Note: | Allow special case final M1 for any of
e —3<x<-1 (condoning closed inequalities or a mixture of open and closed inequalities)
° —% <x<3 (condoning closed mequalities or a mixture of open and closed mnequalities)
but do not allow M1 for any of
eeg —3<x<-1,-1<x< —% (“continuing inequalities™)
eeg —-3<x<l1, —% <x <3 (“overlapping inequalities™)
Alternative Method
x(x=3Nx+D(x+3) £ (x=3) ' (x+D) (x+3)
X +4x*—6x° —36x" —27x < x" —x* —14x° +6x° +45x+27
5x* +8x* —42x -72x-27<0
Note: | 5x* +8x* —42x* —72x-27 < 0 without any other working is MIMOAO
Note: | 5x*+8x’ —42x* -72x-27<0 = x=-3, -1, 3 is MIM1AIBI
Note: | 5x*+8x’ —42x*-72x-27<0 = x=-3, -1, 3, —% is MIM1A1B1B1






