Ch.1 Complex Numbers

Complex Numbers (CP2)
Questions
Q1.
Solve the equation
2 +32+32i3=0

giving your answers in the form re’® wherer>0and -m< @<

(Total for question = 6 marks)

Q2.

The infinite series C and S are defined by

| ] 1
C =cosf + ;005594- 200599— gcosl_%ﬁ—

A

| | |
S =sinfd + —sinS50 + —sin98 + —sinl136 + ...
94 4 8

Va

Given that the series C and S are both convergent,

(&) show that

2e¥

C+iS= Sy
(b) Hence show that

L 4sinfd + 2sin36
© 5 —4cos40

(Total for question = 8 marks)



Ch.1 Complex Numbers

Q3.

(a) Use de Moivre's theorem to prove that

sin 76 =7 sin 6 — 56 sin3@ + 112 sin®0 — 64 sin’0

(b) Hence find the distinct roots of the equation

1+ 7x-56x3+112x>-64x"=0

giving your answer to 3 decimal places where appropriate.

(Total for question = 10 marks)

Q4.

(@) Given that || <! write down the sum of the infinite series

1+z+2722+23+ ...

1
) z= —(cos@+isinf)
(b) Given that 2 ,

(i) use the answer to part (a), and de Moivre's theorem or otherwise, to prove that
2sinf

; 1 .
—sin@+ —sin20+ —sin3@+... =—F
- 4 8 5 — 4cos6

L

(i) show that the sum of the infinite series 1 + z + z? + z3 + ... cannot be purely
imaginary, giving a reason for your answer.

(Total for question = 8 marks)
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Q5.

In an Argand diagram, the points A, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point A represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers in

the form x + iy, where x and y are real and exact.

The points D, E and F are the midpoints of the sides of triangle ABC.

(b) Find the exact area of triangle DEF.

Q6.

(Total for question = 9 marks)

A complex number z has modulus 1 and argument 6.

(@ Show that

(b) Hence, show that

1
'+ — =2cos né, 7 ¢

M
B

cos* @= = (cos 46 + 4cos 26 + 3)

o | =

(Total for question = 7 marks)
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Q7.

(a) Find the four roots of the equation z4 = 8(¥3 + i) in the form z = rei

(b) Show these roots on an Argand diagram.

(Total for question = 7 marks)

Q8.

(a) Use de Moivre's theorem to show that

sin@=asin 58 + bsin 30 +csin @
where a, b and c are constants to be found.

T
53

J.' sin” @ df = :
(b) Hence show that Yo 480

(Total for question = 10 marks)

Qo.

(i) The point P is one vertex of a regular pentagon in an Argand diagram. The centre of the
pentagon is at the origin.

Given that P represents the complex number 6 + 6i, determine the complex numbers that
represent the other vertices of the pentagon, giving your answers in the form re'®

(i) (@) On asingle Argand diagram, shade the region, R, that satisfies both

Fi— Y5 =49,

1
z—=2| <2 and 17[ < ar T

W -

e

z <

(b) Determine the exact area of R, giving your answer in simplest form.

(Total for question = 11 marks)
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Q10.

(a) Express the complex number w = 443 - 4i in the form r(cos6 6+ isinB) where r > 0 and
-m<O=sT1

(b) Show, on a single Argand diagram,

() the point representing w
T
(i) the locus of points defined by arg(z + 10i) = 3

T
(c) Hence determine the minimum distance of w from the locus arg(z + 10i) = 3

(Total for question = 10 marks)

Q11.

() Given that

show that

(i) Given that

2
argz-5)= 3
determine the least value of |z| as z varies.

(Total for question = 6 marks)
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Mark Scheme — Complex Numbers (CP2)

QL.
Scheme Notes Marks
2 +32+32i3=0
MT1: Uses tan to find arg z°
2 arctan+/3 arctan-}— Z or Z seen
arg(z*)=2Z o - 2Z > L3 6 0 |Mial
2 ’
Allow equivalent angles
Al: Either of values shown
f Correct » seen anywhere (eg only 1n
|z|=r=4 Bl
answers)
o _2n &
3 3
Divides by 3 to obtain at least 2 values
6_4;7 _2r 87 2 As M
“9° 9° 9 of 6 which differ by ”T or T
g 4r  2x 167 87 10« At least 2 correct (and distinct) values
=— -—or—, ——or : Al
9 9 9 9 9 from list shown
A A1: All correct and 1n either of the
S S forms shown Al (6)

or 4e'® where 6= ...

Ignore extra answers outside the range

Total 6




Ch.1 Complex Numbers

Q2.
Question Scheme Marks AOs
(@) ; o o Wi wo sees s B s - \
Wayv 1 C—1S=c056—131n6—3(4cos>6—151n 56 )| -1(.c0599--1sm96‘)-—...i M1 1.1b
A 4 /
g el Foow . )
=e —Ee ‘\—:e + ) Al 21
ol
C+1$=1_Le4w Ml | 3.1a
2e%
=2—e'“* Al* 1.1b
(4)
@ CiS<oosn+isini0+ S(cosso+isinso) + L(cosoa+isaon)s..) | M | 140
Way 2 SRBL IS 5! ) s b -
C+iS=cos@+isin 6—15[1c056—isin 6)5{ —%(cos&—isin 6]9—... | Al 21
W . §
: 6 +isin @ e’
C+iS=—°% = :
1-4(cosf+ising) 1-4e* ML 3da
2e%
=2—e“* Al* 1.1b
(4)
.(b) 2ei9 2_e—-ﬁ€
Way 1 2—e4i‘9x2—e'4§9 M1 3.1a
4ei® _ D36
— : Al 1.1b
4-2e740 _2e% 11
4cos@+4isin6—2cos36 +2isin 36
5—2cos48 +2isin46 —-2cos46 —2isin48 dM1 2.1
Dependent on the first M
4sin@ + 2 sin 36
S = * x
S5—4cos46 Al Llh
(©)
() 2ei? 2(cos@+isinf) 2—(cos46—-isin46)
Way 2 — = - ———X - e : M1 31
) 2-e*  2—(cos46+isin46) 2—(cos46-isin40) 2
4cosf+4isinF—-2cosfcos46-2sinfsin46+2isin46cosf -2 sinf cos48 Al 11b
4+ cos® 46 +sin® 46 —4 cos46 :
4cos@+4isinBG—2cos3f +2isin 36
5—2cos48 +2isin46 —2cos46 —2isin46 dM1 2.1
Dependent on the first M
4sin6 + 2sin 36
B * x
5—4cos46€ i .
(8 marks)
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Notes

(a)

Way 1

M1: Combines the two series by pairing the multiples of & (At least up to 36)

A1l: Converts to Euler form correctly (At least up to 56)

M1: Recognises that C + 1S 1is a convergent geometric series and uses the sum to infinity of a GP
A1*: Reaches the printed answer with no errors

Way 2

M1: Combines the two series by pairing the multiples of & (At least up to 56)

Al: Converts to power form correctly (At least up to 56)

M1: Recognises that C + 1S 1s a convergent geometric series and uses the sum to infinity of a GP
A1*: Reaches the printed answer with no errors

(b)

Way 1

M1: Multiplies numerator and denominator by 2 —e™*°
A1l: Correct fraction in terms of exponentials

dM1: Converts back to trigonometric form

A1*: Reaches the printed answer with no errors
Way 2

M1: Converts back to trigonometric form and realises the need to make the denominator real and
multiplies numerator and denominator by the complex conjugate of the denominator which 1s
correct for their fraction

Al: Correct fraction in terms of trigonometric functions

dM1: Uses the correct addition formula to obtain sin 36 in the numerator

A1*: Reaches the printed answer with no errors
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Q3.
Question Scheme Marks AOs
(a) (7) 578 WIS
(cos@+isin) =cos’ 9+i i ‘cosd 9(isin(9)+l ; lcos‘ O(1smnd) +...
o e M1 | 11b
Some simplification may be done at this stage
e.g. ¢ +7c%is-21c s* —35¢*is* +35¢6° s* +21c%1s” — Tes® —1s’
isin76 =" C,c®is+’ Cy,c*i’s’ +7 C.c’t’s” +1' s
6: c 4:33 2:5.5 , :7_.7 Ml 2.1
or =7c 1s+35¢c'1rs +21c’t's" +1's
sin76 = 7c%s —35¢%s’ + 21c%s” —s’ Al | 11b
=7(1-5%) 5s-35(1-5%) 5 +21(1-5%)s* =&
y 2 ; ) oo o | N 2.1
=7(1-35" +3s" —5% )5 —35(1-25% +5%)s* + 21(1-5%)s* =5’
{7s—215° +215° 75" —355* + 70s° - 355" +215° - 215" —57}
leading to Al* 1.1b
sin76 = 7sin@ — 56sin’ @ +112sin’ 8 — 64sin’ 9 *
)
(b) 1+5in70=0=>sin76 =1 Ml | 31a
76 =-450.-90, 270, 630, ...
e — Al | 1.1b
76=-2 -2 T T .
2 227 2
a0, 20 290 B Sainfmu
7 =& 7
or M1 2.2a
Sx T 37 Ix )
= . —.—.,..=smf=_.
14° 14714 14
x=sin6=—0.901, —0.223, 0.623.1 Al | 11b
Al 2.3
)
(10 marks)
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Notes

(@)
M1: Attempts to expand (cos€ +1siné ) mcluding a recognisable attempt at binomial coefficients

Some simplification may be done at this stage. (May only see imaginary terms)
M1: Identifies imaginary terms with sin 76
A1l: Correct expression with coefficients evaluated and 1’s dealt with correctly

M1: Replaces c0s” & with 1—sin” & and applies the expansions of (1—sin’ &) and (1-sin’ &) to

their expression

A1%*: Reaches the printed answer with no errors and expansion of brackets seen.

(b)

M1: Makes the connection with part (a) and realises the need to solve sin78=-1

Al: At least one correct value for 76

M1: Divides by 7 and deduces that x values are found by finding at least one value for sin&
Al: Awrt 2 correct values for x

Al: Awrt all 4 x values correct and no extras
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Q4.

@ ! Bl |22a
1-z
@
MG |1+z+2+7+0
=1+ l cos@+i1sind) |+ l cosf+1sinb) 2+ l cosf+1isinf) 3+...
2 2 2 M1 3.1a
=l+%(cos0+isin0)+%(cos26+isin2¢9)+%(cos30+isin39)+...
l—lcos9+lisin9
1 1 G 2 B
12 jellensdeiind) 1= et jdud
% 2 . Ml |3la
or
Bl 2 ><2-(cos€—isin49)
1-z 2—(cos@+isiné) 2—(cosf—isind)
1.
1 1 1 5 S
{—(sine)+—(sinze)+—(sin3e)+...}=, — -
2 4 8 1 1.
(l-—oos@) +(—sm9
Ty 2
or M1 21
{l(sine)+l(sin29)+l(sin3e)+...}= 2mg
2 4 8 (2—cos8) +(sin8)
S R, 1 1
(1——&50] +(—sin0) =1-cos@+—cos’ +—sin’ §
2 2 4 4
5
=——cosd
4 M1 1.1b
or
(2—cos8) +(sinf)’ =4—4cosf+cos’ f+sin’ 6
=5-4cosd
lsi.n@
lsme+lsin29+lsin30+...=52 o 2R00 A1* | 1L1b
2 4 8 5 cosp 3-4cost
Alternative
l+z+22+27+
1 1 A 3
=l+(5(cos€+isin6)]+(5(cost9+isin9)] +(5(cosé’+isin0)] +..| Ml 3.1a
=l+%(cos0+isin0)+%(cos26+isin26)+%(cos30+isin30)+...
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1 s
1 1 1—58
= X M1 3.1a
1-z 1 5 |
l—=e" 1—=e
2
1_1 49 ; ..
2" _ 4-2T 4-2(cosf—1sinf) i i
l_leis_le-ia+l—5—2(eio+e'ie)— 5-2(2cos8) ’
4 4
Select the imaginary paﬂﬂ M1 1.1b
5—4cos8@
L ostwon ey, =200 . Al* | 11b
2 4 8 5—4cos@
S
(b)(ii) 1- lcos 6
=0=>cosf=2 Ml 3.1a
——cos@
4
As (-1=)cos& £1 therefore there 1s no solution to cos& =2so there Al 24
will also be a real part. hence the sum cannot be purely imaginary. ’
Alternative 1
. . 4-2cosf 1 3 Mi 3:1a
Im. art — e Z
ALY PAT S S 4cosd 2 2(5—4cosb)
1 3 3 .
—1<cos@ <1 therefore —<—————— <= so sum must contain
2(5—4cosf) 2 Al 24
real part
Alternative 2
1 2
k= z=1+— ML |2
1-z k
mod z > 1contradiction hence cannot be purely imaginary Al 24
)
(8 marks)
Notes:
(a)

Bl: See scheme

(b)()

M1: Substitutes z =%(cos€+isin 6) 1nto at least 3 terms of the series and applies de Moivre’s

theorem.

M1: Substitutes = = % (cos@+1sin8) into their answer to part (a) and rationalises the denominator.

M1: Equates the imaginary terms.
M1: Multiplies out the denominator and simplifies by using the identity cos® 8+sin’ 6=1
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Al*: cso. Achieves the printed answer having substituted z = —(cos&+1smn &) into 4 terms of the

(SR

series.
Alternative

M1: Substitutes = = —!-(cosa+isin 8) into at least 3 terms of the series and applies de Moivre’s
2
theorem.
M1: Substitutes z = & e'?into their answer to part (a) and rationalises the denominator.
2
M1: Uses e° =cos@—isin@ and e +e™° =2cosf to express in terms of sin & and cosd
MI1: Select the imaginary terms.

Al*: cso Achieves the printed answer having substituted = =%( cos8+1sinb) into 4 terms of the

series.

(b)(ii)
M1: Setting the real part of the series = 0 and rearranges to find cos&=...
Al: See scheme

Alternative 1
M1: Rearranges imaginary part so that cosf! only appears once
Al: Uses —1<£cos@ <1 to show that the sum must always be positive so must contain a real part

Alternative 2
M1: Sets sum as purely imaginary and rearranges to make z the subject
Al: Shows a contradiction and draws an appropriate conclusion
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Q5.
Question Scheme Marks | AOs
() Examples:
y 3 . 7 'q
[cos120 —sinl20)/6 )
I | _|=..or (6,2i){_l-£ii
\sin120  cos120 /| 2 12 2 )
S ol (2x) . . (2x))
or /10 2)+is 2y i [ =ssall §f
/40 (cosarctan (})+isinarctan (\ﬂ)cos(‘ ) 1sml\ 2IET 5
or
/40 (cos (arctan (})+ 3 )+isin(arctan (})+ ¥ ))
or
meiuaa{}%eif:{-'
(<=3-+3) or (343 -1)i Al | LIb
(-3-43)-(33-1)i Al | L1b
Examples:
’ - 7 .
[cos240 -—sin240)/6 )
[ 1 1:...or (6 +21) _l_ﬁii
| sin240 cos240 /|2 : 2 2.
or
R ol (42 .. (4x))
40 (cosarctan (})+isin arctan ()| cos| T,—lsm{ =1 M1 3.1a
R \ / \ 47
or
/40 (cos (arctan (})+ %)+ isin(arctan (})+ %))
or
meiuc:m{'i)ei(%’-l
(-3++3) or (=35 -1)i Al | L1b
(-3+43)=(-3+3-1)i Al | LIb
(O)
1 —— .
“,(:31 Area ABC = 3x5J6‘ +224$62 + 2% 5in120°
or M1 2:1
AreaAOB=%J62—23\f62—23sin120°
Area DEF = lz_wc or %_403 dM1 | 31a
3, a0x N3 _ 1543 Al | 116
8 2 2
3)
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(b) (3-8 33+1)
Way 2 Dl=—=m——7—|
(3-48) [as1) Ml | 21
0D = + =Jio ;
=2 (5
Area DOF = %JI_OJl_Osin120°
Area DEF = 3DOF dM1 3.1a
—ax L 0o 2 - 1593 Al | 11
(b) , 2 , \2
Way 3 AB=\/(.9—J§) +(3-343) =120 ar | 5
Area ABC= 1?,4120\!120 sin 60°(= 3043 ) '
Area DEF = %-430 dM1 | 3.1a
_1 305153 Al | L1b
4 2
(b) (3-8 3B+1) iy s Bl =ABia)
Way 4 Bl =3 |-meakd| 5= )
‘ '\F‘:'I\“ Ml | 21
JfB N TEBEE \
DE= )| =5 8| | =7l (=<5
\ 2 ) L 2 ) dM1 | 3.1a
Area DEF = I;Ja_on_o 5in 60°
£
_1543 Al | L1b
2
®) i =3=B B3 6
B, Area ABC= — =303 M1 24
Way 5 :
= 22 35-1 -3B-1 2
Area DEF= 1 4BC M1 | 3.1a
_1 305153 Al | L1b
4 2
(9 marks)
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Notes

(@
M1: Identifies a suitable method to rotate the given point by 120° (or equivalent) about the origin.
May see equivalent work with modulus/argument or exponential form e.g. an attempt to multiply

iz

27 . . 27 iz

by cos—+isin—ore”
3 3
A1l: Correct real part or correct imaginary part
Al: Completely correct complex number
M1: Identifies a suitable method to rotate the given point by 240° (or equivalent e g. rotate their B
by 120°) about the origin
May see equivalent work with modulus/argument or exponential form e.g. an attempt to multiply
6+ 21 by cosgéi sin 43—7 ore” or their Bby coszTﬂ—i sin ZT’Tor et
A1l: Correct real part or correct imaginary part
Al: Completely correct complex number
(®)
In general, the marks in (b) should be awarded as follows:
M1: Attempts to find the area of a relevant triangle
dM1: completes the problem by multiplying by an appropriate factor to find the area of DEF
Dependent on the first method mark
Al: Correct exact area
In some cases it may not be possible to distinguish the 2 method marks. In such cases they can be
awarded together for a direct method that finds the area of DEF

Examples:
Way 1
M1: A correct strategy for the area of a relevant triangle such as ABC or AOB
dM1: Completes the problem by linking the area of DEF correctly with ABC or with AOB
Al: Correct value
Way 2
M1: A correct strategy for the area of a relevant triangle such as DOF
dM1: Completes the problem by linking the area of DEF correctly with DOF
Al: Correct value
Way 3
M1: A correct strategy for the area of a relevant triangle such as ABC
dM1: Completes the problem by linking the area of DEF correctly with ABC
Al: Correct value
Way 4
MI1dM1: A correct strategy for the area of DEF. Finds 2 midpoints and attempts one side of DEF
and uses a correct triangle area formula. By implication this scores both M marks.
A1l: Correct value
Way 5
M1: A correct strategy for the area of ABC using the “shoelace™ method.
dM1: Completes the problem by linking the area of DEF correctly with ABC
Al: Correct value
Note the marks in (b) can be scored using inexact answers from (a) and the Al scored if an
exact area is obtained.
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Q6.
Question Scheme Marks AOs
@ =" + 7" = cos n@ +1sin 76 + cos nG—1isin 7@ Ml 21
=2cosn@* Al* 1.1b
(€3]
(b) (z+2) =16cos* 0 Bl 2.1
(:+:_1)4=:4+ 2 +6+4z7 +z7 M1 21
=zt +z7+4( +27)+6 Al 1.1b
=2cos46+4(2cos26)+6 M1 2.1
cos* = %(cos 46 + 4cos 20 + 3)* Al* 1.1b
(&)
(7 marks)
Notes
(@)
M1: Identifies the correct form for z" and z™ and adds to progress to the printed answer
A1l*: Achieves printed answer with no errors
(®)
B1: Begins the argument by using the correct index with the result from part (a)
Ft
M1: Realises the need to find the expansion of (: + z‘l)
Al: Terms correctly combined
M1: Links the expansion with the result in part (a)
A1*: Achieves printed answer with no errors
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Q7.

Queshion Scheme Notes Marks
Number
= =8(\B+i)
oA T "
- (l- |= \1(8 3) +8° =~256 -) 16| Give BI for either 16 or 2 seen 81
anywhere
or (|=]=) 2
I &
(argz =)arclan$ 5 % Accept 0.524 Bl
P =16=57=2
237 1z 7 137 Range not specified, you may see
= dd et B i e 10" 137 257 37z
6 6 6 6 S e "% " 6
Clear attempt at both r and @ with at
least 2 different values for their arg = | ie
" rincipal arg+ 2nz
__ 237 lz m 137 r=</1he1r 16, 0=" pa4 g MI,
24 24 24 24 all 4 correct distinct values of € cao. Al
_x 13 25x 37
Roots are
P S S All in correct form cao
> 27V 34 3 i ix 25i1x Tix
2o e T et 2e§,2el—;"—,2e'57.2e337 scores Al &
(5)
= B1: All 4 radius vectors to be the same
5 3 length (approx) and perpendicular to
e each other.
Circle not needed. Radius vector lines
44 \ need not be drawn. If lines drawn and
\ .3 | marked as perpendicular, accept for
b —— X" 4| BI
(b) ok ¥ E 3 BIBI
2e ®
T B1: All in correct position relative to
~ axes. Points marked must be close to
T . 2 the relevant axes. At least one point to
=i be labelled or indication of scale
e given,
(2)
Total 7
ALT: | Obtain one value - usually 2¢3* - and place on the circle. Position the other 3

by spacing evenly around the circle.
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Q8.
Question Scheme Notes Marks
Number
sin® @ = asin50 + bsin 30 +csin @
I 1 Seen anywhere "z" can be
(a) 2isin@=z——or 2isinn@=z"-— oe cos@+isind ore” orz Bl
i & See below for use of e
MI: Attempt to expand
1
( |)5 (< IJ _(3 1) powers of 24—
Zm=— | =S| ZT == |=J]| Z =5 =
z = 2 Al: Correct expression oe. A | np11A1]
1 single power of = in each
+10 oy term. No need to pair. Must
be numerical values; nCrs eg
5C2 score A0
N - . At least one term on RHS
32sin” @ =2sin50 - 10sin 30 +20sin @ correct — no need to simplify. M1
All terms correct oe
1 5 5 Decimals must be exact Alcso
=—sin50—-—sin36+=sind equivalents. a, b, ¢ need not )
16 8 be shown explicitly.
Must be in this form.
v s;of 2isinf = (e"’ - e"”) oe Bl
e
(2ism())5 _ ((esfg _e-sfo) —5(63"’ _e-m) " l()(e"’ _e-n))) MIAL
(32isin*@ =) (2isin56-5(2isin36)+10(2isin6))
M1
(32sin°0 =) (2sin50-10sin36 +20sin 6)
=-l—sin59—-5—sin30+-5-sin6 Alcso
16 16 8
ALTs:
Way 1 De Moivre on sin54
sin50 = Bl:
) . s Bl
Im(cos 50 +isin 50) = Im(cos@ +isin@)’ | sin50 =Im(cosd+isinb)
=5cos’ @sin@—10cos” Osin’ O +sin’
5 M1 Eliminate cos@ from the
=5(1-sin’ 0)' sine-lO(l—sin2 G)Sin’g expression using M1
- s cos’ @ =1-sin’ @ on at least
+sin” @
one of the cos terms.
Al: Correct 3 term
DAy -3 -5
=5sin#-20sin" @+16sin” & expression Al
Also:
sin3@ =3cos” @sin@—sin’ @ =3sin@—4sin’ &
Thus: 16sin® @ =sin56+ 20sin’ @—-5sind
=sin50+5(3sin @ —sin30) - 5sin M Hie thett expeoplon 1 | st
sin36 to eliminate sin” &
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=sin50-5sin30+10sind
sin® 0—isin50-isin30+§sin0 Al:cso Correct result with no | Alcso
16 16 8 errors seen. (5)
Way 2 | De Moivre on sin5¢ and use of compound angle formulae
sin50 = BIl:
2 G Bl
Im (cos 50 +isin56) = Im (cos@ +isin @)’ sin 50 =Im(cos @ +isin )’
=5cos' @sin@—10cos’ @sin’ & +sin’
=%cos’&sinZ(?-%sinz293in0+sin50 MI: Use sin20 =2sinfcos@ | M1
T 5: _ .. 10 e
sin 0=sm50-z(sm39+sm6)cos 6+T(l-cos 29)sm0 Al
. 5 . . 10 10, . ;
=sm50-§cos(9(sm46+25m2¢9)+73m0-?(sm30-sm0)cos 7
=sin56—%(sin50+sin36+2(sin 36 +sin@))
M1
+?sin0—%(sin50+sin0-sin36+sin0)
[ = ..o
=Esm50—ﬁsm30 +§sm0 Alcso Alcso
Way 3 | Working from right to left:
sin50 =
s Bl
Im(cos 56 +isin56)=Im(cos@ +isinf)
sin30 =
Im (cos 30 +isin 39) = Im (cos @ +isin )’
5a(l—25in20+sin“0)51'n0—100(l—sin2 0)5in30+asin50
+3b(l—sin2 0)5in0—bsin30+csin9
. : y MIA]l
MI: Find the imaginary parts in terms of S1"€ and sub for $in56, sin36 i,
RHS
Al: Correct (unsimplified) expression
Sa+10a+a=1 M1: Compare coefficients to
-10a-10a-3b-b=0 obtain at least one of the Ml
Sa+3b+c=0 equations shown
a=% b=-%, c=§ Alcso Alcso
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ﬁsins odeo MI- sinn9—)ilcosm9
0 - n
i 10 2 forn=3or5
(b) = —[-—cosSﬁ +—co0s36-20cos B] Alft: 2 terms correctly MIAIft
321 5 3 o integrated Alft
NB: Penultimate A mark has been moved | Al1ft: Third term integrated
up to here. correctly.
1 5 5 1 & . § M1:Substitute both limits in a
~\ 160 48 16) 'E"’ 48 8 changgd function to give
numerical values. Incorrect M1
= _203 _(_ @) integration such as +ncosné
480 \ 480 could get MOAOAOM A0
x 53 Alcso
I3 sin® @ =—* €S0, NO errors seen. (5)
’ 480 Total 10
OR:(b) | sin®@=asin50+bsin30 +csin® et jhie etien ised of
random numbers chosen
j 1
HEVIE sinnf — +—cosné
jfsin59d0= —gc0550-2c053¢9-ccos¢9 ' o
o 5 3 o forn=3o0r5
Alft: Correct integration of
their expression oe
M1:Substitute both limits, no
trig functions
A0 AO (Als impossible here)
Q9.
D ||d=JEre= | . O
|z|=+6>+6>=_. 6§2 or/72 and arg z =tan [6]_"'[4l o |3
™ Al 1.1b
Can be implied by r = 64/2e*
Adding multiplies of Z?R to their argument
o Ml | Llb
z= 6\/55 Xe 3 or z= Gﬁ cos[£+ﬂ]-+-isin[1+ﬁ
4" 5 4
lm-zi.i 'mi‘;lk [H-6—5'T]i [e;%’ii
zZ=re e e , e
or Alft 1.1b
ENENC N
z=rc 5P R o vy 57 o.e
l3_“i &i .2_911 .37_ni
=627, 6260, 642 T, 64/2¢ 0 o
or Al 1.1b
1_3".:4 _l.gl.i E.i .3_‘.1
z=62e0 , 63f2e 2 626 D 62e D .
3
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Area3 1,22 1 » {=7-2}
4 2

(ii)(a) Circle centre (0, 2) and radius 2 or with the point on the origin B1 11b
Fully correct Y
"LP
=y
/ B1 1.1b
.\\\
N Sg
(>
€))
(@ii)(h) L L
area=lff 4sinf)  dfl or area=lfﬁ3 asind df Ml |31a
293 2l
Uses sin’ ) = %—%cosﬂ) and integrates to the form Af + Bsin20
K = M1 3.1a
T 53 z )
area =8f,,’sm [ d0=4f,’1—c0520 df =460 —2sin26
3 0
Uses the limits of %and %and subtracts the correct way around
M1 1.1b
4[1 - Zsin[Z—Tr —4 1]—Zsin 2T
3 3 4 4
Area=%—\/§+2 Al | 1.1b
)
Alternative
/
D
Finds either the areas 1 or 2
1 2 » 2
Areal =—x2° xsm(—]{: «/5}
2 100 M1 1.1b
Area 2 =l><22 X1{=E}
2 3 3
A complete method to find area 3
M1 3.1a
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A complete method to find the required area
Shaded area = Area of semu circle—area 1 — area 2 — area 3
5 5 {27 5 7 ) 2
= l;¢r><2' - —l—x2'xsm(—z] - —1—><2‘><-‘£ - lfr><2'——1-><2‘
2 2 W3 ) 2 3 4 2
27 )
=27 =B =22 —(x—2)
3 M1 3.1a
Or
Shaded area = Area of sector —area 1 — area 3
= -}—x4x{£{-1 - -l-xzzxsinfﬂ] - -}-/T><22——!-><22
2 \ 3 ) 2 e 4 2
X _ B (z=2)
3
Area=§——\/§+2 Al | 11b
4)
(11 marks)
Notes:
)

M1: Finds the modulus and argument of =
Al: Correct modulus and argument of z

M1: Uses a correct method to find to all the other 4 vertices of the pentagon. Must be doing the

equivalent of adding/ subtracting multiplies of -%Tl— to the argument.

Alft: All 4 vertices following through on their modulus and argument. Does not need to be
simplified for this mark.

Al: All 4 vertices correct in the required form

(i)(a)
B1: Circle centre (0, 2) and radius 2 or with the vertex on the origin.
B1: Fully correct region shaded.

(i) (b)

M1: Writes the required area using polar coordinates

M1: Uses sin’ ) = -;: —%ms 26 and integrates to the form 40+ Bsin 20

M1: Uses the limits of %and %and subtracts the correct way around. Must be some attempt at

amea:—;- f osinf * df and integration.

A1l: Correct exact area =§ =3+2

Alternative

M1: Finds either area 1 or area 2

M1: A complete method to find the area 3

M1: A complete method to find the required area= Area of semi circle —area 1 — area2 — area 3 or
= Area of sector—area 1 — area 3

A1l: Correct exact area =% =52
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Q10.
@ | =, /(4\/5 ) +(-4) =8 Bl |Llb
argw= arctan(i—4) = arctan("‘L) M1 1.1b
43 3 '
--Z Al | 11b
6
T Gl ‘
So (w=)8 cos(——]+1sm{——) Al 1.1b
6 6
4)
(b) i () win 4 quadrant with
) o | either (4J§—4) seen or
arg(z + 10i) = < B1 1.1b
3 T
——<argw<0
4
(11) half line with positive
2 gradient emanating from M1 1.1b
‘e imaginary axis.
w The half line should pass
between O and w starting
from a point on the Al 1:2h
imaginary axis below w
3)
(©) AOAX 1s right angled at X' so
OX =10'sin % =5 (oe) Ml |31a
So shortest distance 1s
WX=0W-0X='8-5=__. M L
So min distance is 3 Al 1.1b
Alternative 1 A complete method to find the
coordinates of X. Finds the equation
1
of the line from O tow. V= —El’
and the equation of the half line M1 3.1a
y= \/é-x—lo . solves to find the
e |58 s
point of intersection X |——,——
2 2
Finds the length WX
J(4 3_5J§J +(_4__§J Ml | LIb
2 , 2
So min distance 1s 3 Al 1.1b
Alternative 2 M1 3.1a
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Finds the length AW = \/(4\/5—0)2 +(—4--10)" = {34}
Finds the angle between the horizontal and the line AW

—tan} [‘44:/_';0J = ‘4_{0.7137__.radians or 40.89...°}

e '
Finds the length of WX =\/§xsm(§—o.7137]=

Or =+/84 xsin (60-40.89) =

M1

1.1b

So min distance 1s 3

Al

1.1b

Alternative 3

0 1
Vector equation of the half line 7" = (_101+ /1[ \/5]

| 43-2
T {-4-23-(-10)
Then either

43-2) (1 o
G —

[ So) 38 )

= (43 -2) +(6-243) =48-8243+22 +36-12243+37°

xw? =84—204+/3 + 442 leading to

2
d(7) = 20J3+81=0> 4=

M1

3.1a

Finds the length WX \/[4[ —i) (-4--%)2

R o B ]

M1

1.1b

So min distance 1s 3

Al

1.1b

3)

(10 marks)

Notes:

(a)

MI1: Attempts the argument. Allow for arctan(

mark).

B1: Correct modulus

+4
+4.3

wrong quadrant for this mark).

] or equivalents using the modulus (may be in

Al: Correct argumen —% (must be in fourth quadrant but accept % or other difference of 27 for this




Ch.1 Complex Numbers

: ] ik T
Al: Correct expression found for w, in the correct form. must have positive 7= 8 and 6= —g.

Note: using degrees B1 M1 A0 A0

(b)(1)&(ii)
B1: w plotted in correct quadrant with either the correct coordinate clearly seen or above the line y = —x

MI1: Half line drawn starting on the imaginary axis away from O with positive gradient (need not be
labelled)

Al: Sketch on one diagram— both previous marks must have been scored and the half line should pass
between O and w starting from a point on the imaginary axis below w. (You may assume it starts at
—101 unless otherwise stated by the candidate)

Note: If candidates draw the loci on separate diagrams the maximum they can score 1s B1 M1 A0

(©)

M1: Formulates a correct strategy to find the shortest distance. e.g. uses right angle OXA4 where X 1s
where the lines meet and proceeds at least as far as OX.

MI1: Full method to achieve the shortest distance. e.g. for WX = OW — OX.

Al: cao shortest distance 1s 3

Alternative 1:

1
M1: Uses a correct method to find the equation of the line from Otow. V= _ﬁx and the equation

53 5§
of the half line y = \lgx —10. solves to find the point of intersection X i ——J

L]

2

If the incorrect gradient(s) 1s used with no valid method seen this 1s MO

~

5‘/5 _ 4\/51 A [their——s-— _4] — .__condone a sign slip in the
2 2

MI1: Finds the length iy = \/[their

brackets.
Al: cao shortest distance 1s 3
Alternative 2:

M1: Uses a correct method to find the length AW and a correct method to find the angle between the
horizontal and the line AW

M1: Finds the length of WX =thei.r\/§xsin(§—their 0_7137J=._.

Al: cao shortest distance 1s 3

Alternative 3

M1: Finds the vector equation of the half line. then X7

Then either: Sets dot product X7 and the line = 0 and solves for 4. Substitutes their Zinto the equation
of the half line to find the point of intersection.

Or finds the length of X and differentiates. set = 0 and solve for 4

MI1: Finds the length iy = \/[tbeir Sﬁ — 4\/:;] +{t.heir—i——4}- — _._condone a sign slip in the
2 2

brackets.
Or substitutes their value for 4 into the length of(d)

Al: cao shortest distance 1s 3
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Q11.

@®

z;=6 [cos (—;ﬁ) + isin (—g)] =...{3 +3V3i}
zZy = 6V3 [cos (5?“) + isin (5?1:)] =..{-9+3V3i}
{z1 + z2 =}(3 + 3V3i) + (-9 + 3V3i) =...{—6 + 6V3i}

Ml 3.1a
- 5
Or {z; + 2z, =}6 [cos (g) + isin (g)] +6vV3 [cos (?" +
isin (5?”)] = a + bi where a and b are constants, the trig function
must be evaluated
Alternative 1
Clearly show the method to find 1
modulus and argument for z; + z, -6+ 6V3i = 12 (— 3
arg(z;+z;)=m V3
_,(6V3 +—i
— tan T B
2n 2w
" 6\[5 2T =12 (cos (—) + isin (—)) dM1 21
or tan™ " |—— | =... {—} 3 3
—6 3 Alternative 2
and 2, 2n
12e3 =12 (cos?
|21 + 25| = ,/62+(6~/37)2 T oon
=...{12} s ?)
=...{—6 + 6V3i}
2m.
2m. 123 = —6+6V3i
Zy+z;=12e3 * R Al* 1.1b
Therefore z; + z, = 12e2 '*
3
Alternative 3
. S,
z1+ 2, = 6€3' + 6V/3e 6"
Ml 3.1a
- 12[feos (§)  3isin (§) + Poos () + Fsin ()
= 2r:os = Zzszn 5 5 cos = - isin z
 § \/—‘5 27 21
12 —=-+—i)=12 (cos (—)+isin (—)) dM1 2.1
2 2 3 3
z1+2z3= 12¢30% Al* | 1.1b
3
Alternative 4
m; sm, LS m m M1
z1+2;= 667 +6V3e 6 =667 (1+V3eZ') = 6e3'(1+ V3i)
Eitherr = }12 + (\/3_)2 = 2 and arg = arctan (ﬁ) =I dM1
' 1 3
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Or 635{(1 +v/3i) = 12e3 (%+ iz-ii()e? (cos (g) +isin (g)))
T. W 2m.
zy+2; =12e3e2 =12¢3 * Al*
3
Alternative 5
Uses geometry to show that z;, z; and z; + z; form a right-angled
triangle
-
i Ml |3.1a
L )
T 6V3 2n
arg(z; + z3) = -3—+ tan™! ] {?}
dM1 1.1b
lz1 + z2] = ’(6)2 + (6V3)? =...{12}
zy+zp = 128—232‘. o Al* 1.1b
3
(i1
M1 3.1a
M1 1.1b
Al L.1b
(3
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Alternative 1
Gradient = — tan (;) c=5tan (’—;—) leading to y = —\/’3—x + 5\/5
L) Y 2B
or tan (;) g i R
|zI2 = x2 + y2 = x2 4+ (—/3x + 5V3)2 = 4x2 —30x + 75 :
dIZIz—S 30=0=x= 3.75
Fra = x =...{3.75}
or|z|? =4(x —3.75) + 1875 = x =...... {3.75}
Izl = J4(their3.75)2 — 30(their3.75) + 75 M1 1.1b
2 =33 Al |[11b
2
(3)
Alternative 2
Gradient = — tan (g) c=5tan (%) leading to y = —/3x +5V3
Perpendicular line through the origin y = %x and find the point of i Ads
. . ; 15 543
intersection of the two lines (:-,-4—)
Finds the distance from the origin to their point of intersection
15,2 5v3\’ M1 | Lib
Iz| = (their T) + (their =
i 53 Al | 11b
2
3
(6 marks)
Notes:
()

M1I: A complete method to find both z;and z, in the form a + biand adds them together.

dM1: Dependent on previous method mark. finds the modulus and argument of z; + z,. They must
show their method. just stating modulus = 12 and argument = -2;"- 1s not sufficient as this is a show
question.

Alternative 1: Factorises out 12 and find the argument

5 2=, v) N X
Alternative 2: uses 12e 2 = 12 (cos—g— +i sm?) =..
Al7: Achieves the correct answer following no errors or omissions.

2n. 2.
Alternatively shows that 12e2 ' = —6 + 6v/3iand concludes therefore z; + z, = 122 ' *

Alternative 3
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MI1: Factorises out 12 and writes in the form

n . . (@ St . . [Sm
12 [ ..CcOoSs (;) +...isin (;) +...cos (?) +...isin (?)]
dM1: Dependent on previous mark. Writes in the form 12(a + bi) leading to the form 12(cos 6 +
isin@)

Al7: Achieves the correct answer following no errors or omissions.

Alternative 4
m = ]
M1: Factorises out 6 and writes in the form 6e3 (1 +V3ez ) = 6e? (1+ ai)

dM]1: Dependent on previous method mark, finds the modulus and argument of (1 + ai) or 12(a +
bi) leading to the form 12(cos 6 + i sin 6)

Al7: Achieves the correct answer following no errors or omissions.

Alternative 5

M1: Draws a diagram to show that z;,z; and z; + z; form a right-angled triangle.
dM]1: Dependent on previous method mark. finds the modulus and argument of z; 4 z;
Al7: Achieves the correct answer following no errors or omissions.

Note: Writing arg(z; + z;) = arctan (—iif) = ——;E therefore arg(z; + z;) = m — g = zanith no
diagram or finding z; + z; 1s M0dMOAO

(i)

M1: Draws a diagram and recognises that the shortest distance will form a right-angled triangle.
MI1: Uses trigonometry to find the shortest length.

Al: Correct exact value.

Alternative 1
K

M1: Finds the equation of the half-line by attempting m = — tan (3) c=5tan (%) Finds x2 + y?

in terms of x, differentiates, sets = 0 and finds the value of x.

M1: Uses their value of x to find the minimum value of \/x2 + y2

Al: Correct exact value.

Alternative 2

M1: Finds the equation of the half-line by attempting 7 = — tan (g) c =5tan (%) Finds the

equation of the line perpendicular which passes through the origin. Finds the point of intersection of
the lines

MI1: Finds the distance from the origin to their point of intersection

Al: Correct exact value.






